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INTRODUCTION 
 
 
 
 
This study is aimed at developing a numerical tool to predict the fracture mechanics of 
passively and actively coupled structural systems. These definitions are related to the wide 
recently growing up in the technology of composite materials equipped with functional 
layers made of smart materials such as piezoelectric, electrostrictive, magnetostrictive and 
others. Their main function is providing a local conversion of energy for several goals. Very 
often they are used as a sensor to monitor the static and dynamic behaviour of structures. In 
active control of shape and of vibration energy is supplied to the transducer, which applies a 
suitable force or moment to the structure. Moreover, quite recently conversion is activated to 
store the energy by using some effect like vibration or temperature increasing, which could 
be dissipated otherwise. 
A critical issue of design of those systems is prevention of damage propagation, in case of 
cracking. This task can be performed in both the case of PASSIVE COUPLING in which the 
smart layer is only connecting the energy associated to the deformation of the structure and 
of ACTIVE COUPLING in which an external source of energy is connected to the smart 
layer and it converts this power into a suitable actuation of the mechanical system. 
To predict the crack propagation inside the material there are analytical and numerical 
approaches already assessed in the literature for classical applications where functional 
materials are not yet used. Among analytical approaches, there are many procedures, which 
require huge mathematical solutions and are effective in case of simple structures, while their 
application to some complicated geometries is rather different because of the lack of 
formulations suitable for each relevant and specific case. Numerical approaches were already 
widely used in fracture mechanics and in several applications, nevertheless literature show a 
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lack of procedures applicable to the smart materials, such as the piezoceramics, which can be 
used for both the PASSIVELY COUPLED SYSTEMS (energy harvester and sensor) and the 
ACTIVE DEVICES (actuators).  
A main goal of this study is developing a numerical tool able to predict the mechanical 
behaviour of smart structures equipped with piezoelectric layers in case of crack damage. It 
could be used in the design activity for a consistent prediction of the smart system reliability. 
A comprehensive approach is described. As it is used in fracture mechanics the smart 
material behaviour is described by calculating the so-called Stress Intensity Factor (SIF), the 
J-integral and the crack propagation in fracture of the electromechanical coupling, in passive 
and active configuration. 
For this investigation the commercial software ABAQUS was selected. It implements the 
Finite Element Method and is currently providing a dedicated tool for the analysis of the 
piezoelectric phenomenon as well as a very efficient section for fracture mechanics. A 
relevant obstacle to an easy development of this investigation was the absence of a procedure 
in the ABAQUS code to make cooperating the two tools above described, dealing with 
piezoelectricity and fracture, respectively. A relevant activity of this thesis was therefore 
dedicated to a programming code, which could perform the whole investigation, by 
analyzing the crack propagation inside the piezoelectric layers, when the electromechanical 
coupling is fully considered. 
The final goal was reached in some steps. At the beginning modeling activity just considered 
the pure metal. Single and mixed modes of crack propagation were analyzed to understand 
how the code works in case of both static and dynamic analysis. The AISI steel 4340 was 
used in this first activity because it is widely used in mechanical engineering and several 
references were available to validate the numerical prediction performed by means of the 
ABAQUS code. After that some preliminary benchmarking among analytical, numerical and 
experimental results available in the literature to validate the models, a deeper validation was 
performed in case of welded joints in tight cooperation together with the EPF School of 
Engineering in Sceaux (France), where several tests were completed. 
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In the next step, the case of composite material with ceramic and metal is considered, to 
investigate the behaviour of crack inside the two materials, which have different fracture 
toughness. In particular, the speed of crack in its propagation inside the composite material 
and the direction followed were calculated. The Aluminum Nitride is used as ceramic metal. 
This preliminary section of the thesis allows describing the main tools available in the 
literature for fracture mechanics, How they could be implemented inside the ABAQUS code, 
a preliminary procedure was assumed and validated in case of a single material, with double 
layers of different materials, to predict the effect of static loads and dynamic excitation. 
In a second section of the thesis the case of piezoceramic materials was deeply investigated, 
a preliminary description of some piezoceramics widely used in industrial application was 
documented. A collection of typical values of mechanical and electrical properties was 
performed to allow comparing the performance of some materials. After this introduction, 
which revealed that PZT-4 is still the material most analyzed and known in terms of 
characterization, the fracture mechanics of piezoceramic was analyzed. 
Since the ABAQUS code cannot perform the fracture analysis in case of smart materials 
because its not able to connect the electro-mechanical properties of the piezoceramic to the 
tool used for fracture analysis the ISIGHT program was used to connect these two tools 
inside the ABAQUS together to perform the required analysis.  Programming the ABAQUS 
code in case of coupled numerical solution to predict simultaneously the behaviour of 
piezoelectric material under the effect of electro mechanical coupling and the crack 
propagation inside the material was rather difficult and some procedures need to be assessed. 
In particular calculation of Stress Intensity factor and J-integral was performed by resorting 
to a dedicated tool, based on a suitable loop between the fracture analysis module and the 
piezoelectric solution task, then a new loop was implemented to analysis the crack 
propagation. 
In case of calculation of SIF and J-integral the solution could be found as a result of a 
sequence of steps and by separating the pure mechanical analysis from the prediction of 
electrical behaviour. It is known that if small increments of either loading condition or 
displacements are applied to find the solution, it is possible for each value of force predicting 
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the solution in terms of displacements to be inputted into the electrical analysis to predict the 
voltage and charge distribution inside and across the piezoelectric material and vise versa. 
Therefore SIF and J-integral could be obtained by solving separately and in sequence the two 
related domains. In case of crack propagation this sequential approach can be even used but 
it is also possible resorting to a piezoelectric-thermal analogy by assuming that a thermal 
gradient is equivalent to the voltage distribution and properties of materials converted into 
equivalent thermo-mechanical coefficient. 
As a relevant result of this work a new tool for the coupled analysis of electro mechanical 
piezoelectric structures for fracture mechanics was assumed and preliminarily tested. 
Numerical results revealed that a very interesting phenomenon of “crack regression” is 
exhibited by the piezoelectric material as its J-integral may decrease after reaching a 
maximum value as far as its analyzed as a function of the crack length and of voltage. 
Future actions include a deeper experimental activity to confirm some interesting 
conclusions here drawn and a straight application of these design tools to vibration energy 
harvester with piezoelectric materials. 
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CHAPTER 1 
 
BASIC CONCEPTS OF FRACTURE MECHANICS 
 
 
 
 
 
1 Fracture mechanics 
1.1 Nucleation of damage in structures 
 
Static or dynamic loads may induce in structural components made by brittle material a 
rupture and crack propagates fairly fast. In case of ductile material rupture follows a first 
yielding, being associated to plastic strain [1]. In several applications damage is induced by 
dynamic loads, thus making the structure undergoing the so – called fatigue phenomenon. If 
fatigue is dominating in the failure process it can be recognized that are two steps, for 
damage; a preliminary nucleation of crack on the surface, being associated to same local 
phenomena of band slips and to plastic behavior, these cracks propagate through the cross 
section of the mechanical component and induce a final brittle rupture of the structure. 
Nucleation is controlled entirely by local stresses around slip or twin bands [2]. Crack 
growth is governed both by the applied stress acting on the solid and by local stress. A 
critical issue of design is crack propagation, i.e. the number of loading cycles to reach the 
rupture of the mechanical components and the related lifetime. It depends on the size and 
shape of the structure and the external loading. More generally, for a given material under a
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given load, there will be a rate of crack nucleation per unit volume and per unit time and a 
certain speed in propagation. Therefore prediction is never easy. Cracks nucleate where are 
in-homogeneities of material such as grain boundaries, surface heterogeneities, pre-existing 
micro cracks and dislocation tangles [3]. These heterogeneities usually evolve in time being 
associated to fatigue, work hardening, electro migration and void formation.  
 
 
1.2 Fracture modes 
 
Once the crack is nucleated on the surface of the mechanical structure its growth occurs in 
presence of a very high gradiant associated stress field. Three basic modes for crack growth 
are defined in the literature and are shown in Fig 1.1. Mode I is the “opening” or “tensile 
mode”, where the crack faces separate symmetrically with respect to the x1-x2 and x1-x3 
planes. In Mode II, the “sliding” or in “plane shearing” mode, the crack faces slide each 
other symmetrically about the x1-x2 plane but anti-symmetrically with respect to the x1-x3 
plane. In the “tearing” or “anti-plane” mode, Mode III, the crack faces also slide each other 
but anti symmetrically with respect to the x1-x2 and x1-x3 planes. In several practical cases, 
loads excite simultaneously two modes and make the crack propagation depending on a so-
called “mixed-mode fracture mechanism” [4]. 
It can be remarked that as crack propagates a certain amount of energy is released because of 
the rupture of the internal ligaments of the material. This energy released has a rate, being 
termed GI, GII, and GIII respectively for the three modes. In mixed-mode problems the energy 
release rates of different contributing modes are usually added to obtain the total energy 
release rate [5]. 
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Fig. 1.1: Three basic loading modes for a cracked body: (a) Mode I, “opening mode”;
(b) Mode II, “sliding mode”; (c) Mode III, “tearing mode”. [6]  
 
1.3 Linear Elastic (LEFM) and Elastic Plastic (EPFM) Fracture Mechanics
 
Literature proposed some analytical tools to pre
on the assumption of the linear elastic behaviour of material. In the so
Fracture Mechanics (LEFM)”, prediction of crack growth is based on the energy balance. 
Griffith states “crack growt
new crack surface.” The “energy release rate” is an essential quantity in energy balance 
criteria. The resulting crack growth criterion is referred to as being “global”, because a rather 
large volume of material is considered. The crack growth criterion can also be based on the 
stress state at the crack tip. This stress field can be determined in several cases through an 
analytical approach. It is characterized by the definition of the “stress 
following simply SIF) [7].
The resulting crack growth criterion is referred to as “local”, because attention is focused on 
a small material volume just around the crack tip. Assumption of linear elastic material 
behavior leads to infinite stresses at the crack tip. In reality, this is obviously not possible, 
because in ductile materials plastic deformation will occur in the crack tip region. Using 
echanics 
 
dict the fracture mechanics, which are based 
h will occur, when there is enough energy available to generate 
intensity factor” (In the 
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-called “Linear Elastic 
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some yield criteria (Von Mises, Tresca), the crack tip plastic zone can be determined. When 
this zone is small enough (Small Scale Yielding, SSY), LEFM concepts can be used. Fig. 1.2 
 
Fig 1.2: Plastic strain zone at the crack tip [8] 
 
When the global stress-strain response of the body is linear and elastic (LEFM), the elastic 
energy release rate, G, and the stress intensity factor in the literature defined as K can be 
used for characterizing cracks in structures. 
To make clear to the Reader the approach proposed by the LEFM, the following steps are 
usually performed: 
1. The critical stress intensity factors that cause fracture for the material are first measured, 
for the three modes (KCI, KCII, KCIII). 
2. Size and location of cracks in the structure or component are detected. 
3. The stress intensity factors for the cracks in the structure or component are calculated for 
the foreseen loading conditions, these are compared to the strength of the material.  
In the elastic-plastic fracture mechanics (EPFM) also called “yielding fracture mechanics” 
(YFM), the fracture characterizing parameters are the “J-integral” and the “crack-tip-opening 
displacement”, CTOD. Due to finite strength of materials, there is always a small damaged 
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zone around the crack tip. For metals, this damaged zone is referred to as the “
plastic zone”. If the size of the plastic zone is small enough that it can be contained within 
the K-dominant region, we may use 
referred to as the “small-scale
is larger than the K-dominant region, then the linear elastic assumptions are no more valid, 
i.e., LEFM is not applicable and nonlinear models must be used. Fig. 1.3 shows three 
different situations regarding the spread of crack tip plastic zone. The first 
SSY condition. The second one shows the situation when the crack tip plastic zone is large 
enough to cause some nonlinearity in the overall response of the component. However, if this 
nonlinearity is not very significant, it can be handl
which a non-linear-elastic energy release rate 
Integral) is computed. However, there is a limit to the validity of 
size of the plastic zone comp
more constant in case of elastic plastic behaviour since it depends on the contour which is 
selected for the definition of J
 
Fig 1.3: From left, a) Linear Elastic, b) 
For situations where the crack tip plasticity is so widespread that even plastic ligaments may 
form within the component (Fig. 1.3 c) the appropriate parameter would be the “crack
opening displacement” (CTOD). Finally, when the loading causes overall plastic deformation 
even in presence of cracks (Fig. 1.3 d), the failure mode is “plastic collapse” more than 
fracture. 
echanics 
K and G as the LEFM parameters. This condition is also 
-yielding condition” (SSY) [9]. On the other hand, if this zone 
ed with a non-linear elastic 
is expressed as J (usually known as the 
J-integral 
ared to the J-dominant region. The energy release rate is no 
-integral. 
Elastic-Plastic, c) Fully Plastic, d) Overall Plasticity 
[10] 
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one represents the 
model, for 
J-
with regard to the 
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1.4 Stress and strain distribution around the crack tip
 
Predicting the size of plastic region is crucial, therefore many authors worked in this field 
such as Irwin and Dugdale. Their estimations of the crack
deformation is uniaxial and plastic. Nevertheless, the actual state of stress at the cr
region is triaxial. In order to investigate how this 
material, the interior of the specimen at the crack tip, as depicted in Fig. 1.4, is usually 
considered [11]. 
 
Fig 1.4: Stress distribution around the c
 
Due to very high stresses in this region, material undergoes a large extension along the x
direction and also tends to contract along the x and z directions to maintain the condition of 
constant volume required by plastic deformation.
 
 
However, material in this zone is part of a larger mass, which stress undergoes lower without 
contraction. As a result, tensile stresses develop in the other two directions, as shown in Fig. 
1.5. Thus, in the interior of the specimen, the material in the crack tip region experiences a 
state of plane strain, being due to the constraints imposed by the surrounding material. 
echanics 
 
-tip-plastic-
2D state of stress can develop a roll of 
rack tip [12]
 
εxx + εyy + εzz = 0                
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zone size assume that 
ack tip 
 
 
2 
      (1.1) 
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However, at the surfaces of the specimen there can be no stress in the x
of plane stress exists. Due to the above motivations, it is clear that a very precise 
determination of the shape and size of the plastic zone is rather difficult, because behaviour 
is locally associated to a plane stress or a plane strain condition.
 
Plane Stress/Plane Strain Transition
According to the literature [13] the plane stress 
normal stress and the shear stresses directed perpendicular to the plane are assumed to be 
zero and plane strain is define
plane z and the shear stra
 
Fig 1.5: Plane stress state in a continuum [14]
 
As the above Fig presents, for the plane stress and plane strai
 
σxx, σyy, τxy ≠ 0 
σzz = τzx = τzy = 0  
εxx, εyy, τxy ≠ 0 
εzz = τγx = γzy = 0  
 
echanics 
 
 
is defined to be a state of stress in which the 
d to be a state of strain in which the strain normal to the x
ins xz and yz are assumed to be zero (Fig
 
 
n: 
(plane stress) 
(plane strain)     
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3 direction and a state 
-y 
 1.5). 
 (1.2) 
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In case of principal reference frames the two assumptions simply define that:
 
σ1, σ2 ≠ 0   
σ3 = 0  (plane stress)
 
For a given crack tip, it can be found that plastic region around the tip is larger on the 
surface, where the state of plane stress holds and is smaller in the interior of the component, 
where plane strain occurs. (Fig 1.6). T
toughness evaluation, i.e., different toughness values may be measured depending on the 
dimensions of the specimens.
 
Fig 1.6: The different plastic zone size in plane strain and plane stress [15]
It has long been observed that thicker components are less prone to be cracked. This effect 
can be attributed to the size of crack tip plastic zone relative to the thickness. In thin 
components, the plastic zone is large compared to the thickness, whereas in 
components it is very small. In general, fractures of thick specimens are more brittle in 
appearance (being flat with no evidence of ductility) while the fractures of thin
often show 45° shear bands
echanics 
 
ε1, ε2 ≠ 0 
  
ε3 = 0 (plane strain)   
his phenomenon has very important implications for 
 
 
 over parts of the fracture surface.  
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Fig 1.7: Difference in toughness across the thickness of specimen [8] 
Moreover, as Fig. 1.7 shows in the case of plane stress the planes of maximum shear stress 
are located at angles ∝		
can describe. Although in the plane strain condition 
plane stress, the third principal stress is 
 
Plane stress σ3 = 0 
1 = 1/E (σ1 – νσ2 – νσ3) 
2 = 1/E (σ2 – νσ1 – νσ3) 
 
Plane strain 3 = 0  
3 = 1/E (σ3 – νσ2 – νσ1) = 0, 
 
 
 
echanics 
 
45° from the directions of σ1 and σ3 as well as the Mohr’s circle 
σ1 and σ2 have the same magnitude as in 
σ3 = ν (σ1 + σ2): 
      
      
σ3= ν (σ1 + σ2)         
14
 
   
 
 (1.4) 
 (1.5) 
            (1.6) 
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1.5 Stable and unstable propagation of crack 
 
Very often a crack already exists in the mechanical component before it goes into service, 
therefore the issue of design is predicting how the fatigue failure process will proceed with 
the incremental crack growth and when the final fracture will occur. Most fatigue failures are 
in the low stress region (much less than the yield stress) where the LEFM is likely to be 
valid. Hence, the LEFM principles can be applied to predict incremental fatigue crack 
growth. In fact, extensive fatigue tests on a wide variety of materials show that the SIF is a 
much more effective parameter in describing fatigue propagation than the stress amplitude 
[16]. The key point of these tests is that the rate of crack propagation, measured in terms of 
incremental crack growth per cycle of loading, is primarily a function of the range of crack 
tip stress intensity [17]: 
      da/dN = f(∆K)            (1.7) 
 
The most widely used expression, proposed by Paris, is: 
      da/dN = C(∆K)n        (1.8) 
In which C and m are constant coefficients dependent on the material properties and are 
obtained from experiments. The standard methods for fatigue crack growth tests can be 
found in ASTM E647. The most commonly used specimen in fatigue crack propagation 
studies is the (CT) or compact tension specimen (see Fig 1.8). 
 
Fig 1.8: The (CT) or compact tension specimen in fatigue crack propagation [18] 
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As Fig. 1.9 shows a typical crack
three regions of different behavior 
1. The “threshold region” is attributed to very low levels of 
propagate. The “threshold region” is strongly influenced by the mean stress.
2. The “stable propagation 
Paris law. 
3. The “final unstable region” where the crack propagates more rapidly, often in a less 
uniformly incremental manner. In the unstable region, various mechanisms are responsible 
for the increased growth rate, which loads uncontrolled. 
 
Fig 1.9: Typical crack
 
echanics 
-growth-rate versus stress-intensity-range diagram includes 
[19]: 
∆K, where the crack does not 
region” where the crack grows incrementally according 
 
-growth-rate versus stress-intensity-range diagram [19]
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1.6 Toughness of material 
 
Toughness describes the amount of total energy required for the material break. In general, if 
the material requires a lot of energy before breaking, then it looks like “tough”. If only a little 
energy is needed to break the material it is weak or brittle, depending on whether the material 
exhibits a yielding phenomenon followed by a plastic behaviour as load is increased or not. 
Toughness is the resistance opposed by material to be broken. When crack propagates 
through the structure, fracture occurs. The amount of energy absorbed during the fracture 
depends on the size of the component, which is broken. The amount of energy absorbed per 
unit area of crack is constant for a given material corresponds to its toughness.  
High toughness is particularly important for components, which may suffer impact (cars, 
toys, bikes, impact tools and hammer), or for components where a fracture would be 
catastrophic (pressure vessels, aircraft). Toughness varies with temperature, some materials 
change from being tough to brittle as temperature decreases (e.g. some steels, rubber). A 
famous example of this problem in steels was the battleships that broke in two in cold seas 
during the Second World War; some dangerous embitterment occurs in hydrogen storage 
[20]. 
Detailed toughness tests use specimens with initial cracks, and measure the energy per unit 
area as the crack grows. This can be applied to all materials, and the selection charts show 
toughness data measured this way. Simple toughness tests use specimens of fixed size with a 
machined notch, and just measure the energy needed to break the specimen.  
Crack grows as soon as the crack tip stress exceeds a critical value. The SIF determines the 
amplitude of the crack tip stress for a given geometry and loading case, thus allowing to 
assume that a crack grows when K reaches a critical value. This implies that a crack growth 
criterion can be formulated, where the SIF is compared to this critical value. Therefore value 
of the SIF has to be calculated. The critical value has to be found in some experimental 
measurements. It is referred to as “Fracture Toughness “, KC, where an additional subscript is 
used to describe the fracture mode analyzed:  KIc, KIIc, KIIIc [21]. 
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2 Classical fracture criteria and parameters
2.1 The Stress Intensity Factor
 
A major activity in the design process based on fracture mechanics is the determination of 
the Stress Intensity Factor (in the following simply SIF). In the following sections some of 
the pertinent analytical, experimental, and numerical methods are discussed.
 
Analytical determination of SIF
SIF can be coupled by an analytical approach in some relevant cases. In 
plate with a central crack of length ‘2a’, under remote stress 
follow: (see Fig. 1.10) 
Fig 1.10: 
Because the linear elastic fracture mechanics approach is based on elasticity, one can 
determine the effects of more than one type of loading on the crack tip stress field by linearly 
adding the SIF due to each type of loading.
geometry is sometimes referred to as “principle of superposition”.
echanics 
 
 
 
σ0, the calculating of SIF is as 
 
An infinite plate with a central elliptic crack [22]
 
  The process of adding SIF s
  The only constraint on the 
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case of an infinite 
 
olutions for the same 
Basic concepts of fracture m
 
summation process is that the SIF must be associated with the same structural geometry, 
including crack geometry. Thus, for the geometries 
follow:  
Fig 1.11: The geometries of superposition of K expression [8]
KIA + KIB = σ√πa  
KIA + 0 = σ√πa  
KIA = σ√πa   
The stress distribution around the tip in mode I is described by Westergaard [23] as follow 
(Fig 1.12):  
Fig 1.12: The stress distribution around the crack tip. [24]
echanics 
shown in Fig. 1.11, the equation is as 
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 (1.9) 
 (1.10) 
 (1.11) 
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σi = 
	√
	 f (θ)          (1.12) 
 
σxx = 
	√
	 cos 
 (1− sin 
 sin 
 ) +…       (1.13) 
 
σyy = 
	√
	 cos 
 (1+ sin 
 sin 
 ) +…       (1.14) 
  
τxy = 
	√
	 cos 
 cos 
  sin 
 …       (1.15) 
 
For distances close to the crack tip (r ≤ 0.1a), the second and higher order terms indicated by 
dots may be neglected. The I subscript is used to denote the crack opening mode, but similar 
relations apply in modes II and III. Above equations show three factors relevant to depict the 
stress state near the crack tip: denominator √2πr	shows the singular nature of the stress 
distribution; σ approaches infinity as the crack tip is approached, with a √r	dependency. 
Depend on angle θ; it can be separated if a suitable factor is introduced. fx = cos θ/2 ・ (1 − 
sin θ/2 sin3θ/2) +…. Factor KI contains the dependence on applied stress ‘σ∞’, the crack 
length a, and the specimen geometry. The KI factor gives the overall intensity of the stress 
distribution, hence its name. For the specific case of a central crack of width 2a or an edge 
crack of length 2a in a large sheet, KI = σα√πa and KI = 1.12σα√πa for an edge crack of 
length ‘a’ in the edge of a large sheet. Expressions for KI for some additional geometry are 
given in Table 1.1 The literature [25] contain expressions for K for a large number of crack 
and loading geometries, and both numerical and experimental procedures exist for 
determining the stress intensity factor is specific actual geometries. 
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Table 1.1: Expressions of KI for different geometries 
Type of Crack Stress Intensity Factor, KI 
Center crack, length 2a, in an infinite plate σ√πa 
Edge crack, length a, in a semi infinite plate 1.12 σα√πa 
Central penny shaped crack, radius a, in infinite 
body 
KI = 2 σαπ/a 
Center crack, length 2a in plate of width W 
σαW	tan	( ) 
Two symmetrical edge cracks, each length a, in 
plate of total width W 
σαWtan  + 	0.1 sin 
  
 
 
These SIF’s are used in design and analysis by arguing that material can withstand crack tip 
stresses up to a critical value of stress intensity, termed KIc, beyond which the crack 
propagates very fast. This critical SIF is then a measure of material toughness. The failure 
stress σf is then related to the crack length a and the fracture toughness by: 
 
      σf = 
	$%√                                 (1.16)   
              
Where α is a geometrical parameter equal to 1 for edge cracks and generally on the order of 
unity for other boundary conditions. Expressions for α are tabulated for a wide variety of 
specimen and crack geometries. 
Typical values of GIc and KIc for various materials are listed in Table 1.2 [26, 27 and 28]], 
and it is seen that they vary over a very wide range from material to material. Some polymers 
can be very tough, especially when rated on per-pound bases, but steel alloys are hard to beat 
in terms of absolute resistance to crack propagation. 
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Table 1.2: Typical values of KIC for various materials 
Material type Material KIC (MPa.√&) 
Metal 
Aluminum alloy (7075) 24 
Steel alloy (4340) 50 
Titanium alloy 44–66 
Aluminum 14–28 
Ceramic 
Aluminium oxide 3–5 
Silicon carbide 3–5 
Soda-lime glass 0.7–0.8 
Concrete 0.2–1.4 
Polymer 
Polymethyl methacrylate 0.7–1.6 
Polystyrene 0.7–1.1 
Composite 
Mullite-fibre composite 1.8–3.3 
Silica aerogels 0.0008–0.0048 
 
 
 
2.2 The Energy Release Rate 
 
By the analysis of the energy balance, the energy release rate, denoted as G, was introduced. 
It is defined by the energy necessary to make the crack fronts extending the crack length by a 
unit length. It corresponds to the decrease of the total potential energy Wpot of the cracked 
body, when it passes from an initial configuration with a given crack length, to another 
configuration where the crack is increased by a unit of length “da” [29]: 
 
     G = − '()*+'      (1.17) 
Wpot = Wε − Wext 
 
Where: Wext is the work of external forces and Wpot is the total potential energy of crack 
body and Wε is strain energy of structure. 
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Using the stress field in the singular zone, one can relate G to the stress intensity factors:
 
    
With    
    
    
 
2.3 The J-Integral 
 
The contour integral is the other way to characterize the singularity of the stress field in the 
vicinity of the crack, which one can 
crack linear elastic an integral of contour can be defined as follow [29]:
 
    
 
Where We is the density of strain elastic energy and 
crack is supposed as straight following the crack axis 
σij.nj is the applied stress to the contour and 
1.13): 
 
Fig 1.13: (a) Arbitrar
(b) Area to be employed to calculate the J
echanics 
 G = (,-./	,--.)01  + ,---.
2    
 3′ = E   in plane stress
 3′ = E/(1-ν2)  in plane strain
 µ:    Shear modulus
deduce from the law of conservation of energy. In 2D 
 J = ∫Г∫Wen1 – σij 
567587ds  
Γ is a contour around the crack. The 
n is the normal vector to the contour, 
Ui is the corresponding displacement. (See Fig 
y contour surrounding the crack tip; 
-integral [30] C C
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 (1.18) 
 
 
 
 
 (1.19) 
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The J-integral as the difference in potential energy Wpot of two cracked bodies is expressed 
by: 
 
J = − lim;<→> ()*+(</;<)?@ABC	(<);<  = − '(ABC;<      (1.20) 
 
By comparison with G defined previously, one can realize that in the case of an elastic 
material or a very weak plastic deformation near the crack zone: 
 
J = G = − '(ABCE<          (1.21) 
 
Relation between J and K 
In LEFM, the stress and displacement components at the crack tip are known as a function of 
the position relative to the crack tip. For multi-mode loading, they are characterized by the 
stress intensity factors KI, KII and KIII. 
Because the J-integral is path-independent, the integration path can be chosen to be a circle 
with the crack tip as its center. Integration over this circular path reveals that the J-integral is 
related to the SIF. 
For Mode I loading of the crack, it follows immediately that the J-integral is equivalent to the 
energy release rate G. This means that J-integral can be used in the crack growth criteria of 
LEFM as a replacement for K and G [29]. 
 
Plane stress J= F0 G-2        (1.22) 
 
Plane strain J= (F?H.)0  G-2        (1.23) 
 
J-integral crack growth criterion 
J-integral can replace the energy release rate in LEFM and is related to the SIF. In NLFM, 
where the material behavior is described by the general Ramberg-Osgood relation [31], the J 
integral characterizes the stress at the crack tip. It is thus obvious that it can be used in a 
crack growth criterion. Calculation of its value is easily done, due to the fact that the 
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integration path can be chosen arbitrarily. Critical values have to be measured according to 
normalized experiments. 
        
      J = Jc     (1.24) 
 
2.4 Crack Opening Displacement (CTOD) 
 
In LEFM the displacement of material points in the region around the crack tip can be 
calculated. With the crack along the x-axis, the displacement uy in y-direction is known as a 
function of r (distance) and θ (angle), both for plane stress and plane strain. Displacement of 
points at the upper crack surface results for θ = π and can be expressed in the coordinate x, 
by taking:  
 
      r = a – x    (1.25) 
 
Where a is the half crack length. The origin of this xy-coordinate system is at the crack 
center. The crack opening (displacement) (COD) δ is two times this displacement. It can be 
easily appreciated that the opening at the crack tip (CTOD), δt, is zero [32]. 
 
    uy= 
I√
J   K
 [sin(
) (k+1-2cos2(
))]   (1.26) 
 
Displacement in crack plane θ = π; r = a – x: 
 
                                              uy= 
(F/H)(L/F)M  I
2a(a − x)                                                               (1.27) 
 
Crack Opening Displacement (COD): 
 
    δ(x) = 2uy(x) = (F/H)(L/F)M  σ2a(a − x)  (1.28) 
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Crack Tip Opening Displacement (CTOD):
 
    
 
This CTOD can be used in a crack growth criterion (Fig 1.14), when plasticity at the crack 
tip is taken into account and the actual crack length is replaced by the effective crack length.
 
Fig 1.14: Definition of the Crack Tip Opening Displacement (CTOD) [8]
3 Fatigue crack propagation and life of structure
 
When a subcritical crack (a crack whose SIF is
or fatigue load, or is subjected to a corrosive environment, crack propagation will occur. 
Fatigue crack propagation occurs through repeated crack tip blunting and sharpening effects, 
which are in turn caused by micro plastic deformation mechanisms operating at the crack tip. 
The application of repeated loading will cause crack growth. The loading is usually caused 
by vibration. To predict the minimum fatigue life of metallic structures, and to establish saf
inspection intervals, an understanding of the rate of fatigue crack propagation is required. 
Historically, fatigue life prediction was based on the 
echanics 
 
 δt = δ(x = a) = 0   
 
 
 
 below the critical value) is under either cyclic 
Wöhler curve (Fig. 1.15). 
26
 
 (1.29) 
 
 
 
e 
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Fig 1.15: Fatigue life prediction was based on 
Where  σa= 
IPQ?IPRS
 , and 
It can be started with a plate that has no crack and subject it to a series of repeated loading 
between σmin and σmax, it would observe three distinct stages. (Fig 1.16)
Fig 1.16: Thre
echanics 
Wohler curve [33]
σmax and σmin are maximum and minimum of total cycle.
e different stage of crack growth [34]
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First stage is difficult to capture and is most appropriately investigated by metallurgists or 
material scientists law based on experimental observations. Most other empirical fatigue laws 
can be considered as direct extensions, or refinements of this one, given by: 
 
                                               
E<ET= C (∆KI) n                                                                         (1.30) 
 
Which is a straight line on a log-log plot of E<ET vs ∆KI, and: 
 
∆K = Kmax − Kmin = (σ max − σ min) f (g)	√πa      (1.31) 
 
“a” is the crack length; “N” the number of load cycles; “C” the intercept of line along da/dN 
and is of the order of 10-6 and has units of length/cycle; and n is the slope of the line and 
ranges from 2 to 10. Equation 9.1 can be rewritten as:	 
 
∆K = ∆<V[(∆X()]Z         (1.32) 
 
The useful aspect of fatigue crack growth laws is that they can be used to calculate the 
number of cycles required to propagate a crack from a given initial size to some final size, 
which is critical for failure. Thus if the initial size is ai and the final size af it may be writen: 
 
N= [ \]T>  = [ ∆<	V[^∆I(_<)^F/
]Z<a<7 da      (1.33) 
 
In the above equation (1.30) the geometric factor β is assumed to be constant because the 
inclusion of a function of <@	within the integral sign will usually lead to a formulation, which 
cannot be integrated analytically. In practice, it is more straightforward and very often 
sufficiently accurate to solve the fatigue life equation by splitting the crack growth history 
into a series of crack increments. An average value within each step may then be used to 
calculate β and hence an average K is considered during each step. The average propagation 
rate within the step can then be calculated from the Paris law. In the case of a pressure vessel, 
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af may simply be defined in terms of a crack big enough to cause leakage, or one which 
results in the limiting fracture toughness being reached. Then, it will briefly introduce two 
software tools commonly used for fatigue crack growth stu
small error in the SIF calculation would be magnified greatly as 
Because of the sensitivity of 
values of the SIF. 
However, in most practical cases, the crack shape, boundary conditions, and load are in such 
a combination that an analytical solution for the SIF does not exist and large approximation 
errors have to be accepted. Unfortunately, analytical expressions for 
few simple cases. Thus the stress analyst has to use some formulas for them [35].
 
4 Advanced Problem in Fracture Mechanics
4.1 The Mixed Mode Operation
A more complicated case is that of crack, which shows an angle with the loadin
even in this investigation a key issue is finding the magnitude of the far
which the crack starts to grow, but even determining the 
[36]. (Fig 1.17) 
echanics 
dies. Thus, it is apparent that a 
n 
N upon ∆K, it is essential to properly determine the numerical 
K 
 
 
direction of crack growth is crucial 
 
Fig 1.17: case of angled crack [37] 
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ranges from 2 to 6. 
are available for only 
 
g direction, 
-field stress σ at 
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The first investigation is performed by resorting to the methods described in previous 
sections, while two are the general approaches used for predicting the direction of crack 
growth. In the first one, it is assumed that crack growth occurs along the direction 
perpendicular to the maximum tangential stress at (or near) the crack tip.  
A second approach considers crack growth along the direction for which the strain energy 
density is minimal, since this condition corresponds to a maximum of energy release rate. 
The strain energy density just around crack tip can be written as [38]: 
 
   ψ = 
FK (a11KI2 + 2a12KIKII + a22KII2) =	b(c)K   (1.31) 
    a11 = 
FFd2	[(1 + cosθ)(k – cosθ)]   (1.32) 
    a12 = 
FFd2 sinθ [2cosθ – k + 1]    (1.33) 
   a22 = 
FFd2	[(k + 1)(1 – cosθ) + (1 + cosθ)(3cosθ – 1)]  (1.34) 
Where k = (3− 4ν) for plane strain state, and k = (3−ν) /(1+ν) for plane stress state, being ν as 
Poisson ratio. 
According to this criterion the crack starts to grow when “s” reaches a critical value, referred 
to as Sc, and the direction of crack growth is given when S is a minimum: 
 
                                                      
EbEc	= 0,  E.eEc. > 0    (1.35) 
For instance, when only mode I is considered: 
[SI (θ)] min = SI (θ=0) = a11Kc2 →  Sc = 
(f?F)Fd2 Kc2     (1.36) 
For the angled crack shown in Fig. 1.17, the strain energy density can be obtained by means 
of following expressions: 
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σrr = [ ,g√
][hicos
 	− Ficos
 ]+	[ ,gg√
]	[− hisin
	+ isin
 ]+ σt cos2θ   (1.37) 
σθθ = [ ,g√
][icos
	+ Ficos
 ]+	[ ,gg√
]	[− isin
 	− isin
 ]+ σt sin2θ   (1.38) 
σrθ = [ ,g√
][Fisin
	+ Fisin
 ]+	[ ,gg√
]	[Ficos
	+ icos
 ]	− σt sinθ cosθ   (1.39) 
 
Where, according to F. 1.18: 
 
KI = σ √πa sin2β, KII = σ √πa sinβ cosβ      (1.40) 
σt = σ sin2β          (1.41) 
 
4.2 Crack path direction under mixed mode loading 
 
Many loading conditions in mechanical structures lead to a mixed mode crack tip 
propagation. Defects arising from fabrication processes such as welding or casting, residual 
tensile stresses, embrittled microstructures and fatigue may lead to have crack propagation 
under the effect by combined modes I, II and III. 
Broberg [39] discussed some aspects of the stability of the crack path under pure and mixed 
mode loads and concluded that crack paths remain straight under homogeneous remote stress 
fields. However, engineering structures in service rarely experience such well-defined 
uniform stress fields. Stress and strain gradients arising from geometric features, multiple 
cracks and non-uniform, non-proportional remote loads commonly occur. 
Applied mixed mode loading and interaction among multiple cracks are main causes of a 
major loss of directional stability. Highly anisotropic microstructures can also lead to 
significant changes in crack orientation but more often are responsible for local deviations, or 
‘zigzags’, in the overall mode I crack trajectory. 
The shape of plastic zone under pure mode III conditions differs substantially from that of 
mode I. In mode III, plastic zone is essentially circular and extends some four to six times 
further ahead of the crack than the symmetrical inclined shear distribution seen ahead of a 
pure mode I crack at the same SIF. The center of the circular plastic zone lies somewhere 
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between the tip of the crack and one radius distance ahead, depending on the work hardening 
coefficient. 
Furthermore, the extent of crack tip plasticity in torsional loading, and hence the prevalence 
of flat mode growth, is also dependent upon the size of the cylindrical component; small 
diameter shafts being more prone to flat crack growth than large shafts for the same stress, or 
strain, intensity factor. In these cases, a large ratio of the applied torque to plastic collapse 
limit torque of the shaft, as would occur in a small diameter shaft, extends the crack tip 
plasticity beyond that expected for the level of strain intensity factor applied. 
The path of a fatigue crack under proportional loading from an initially mixed mode 
condition, as created by angled or inclined cracks in laboratory specimens, is surprisingly 
stable. One might expect major variations, as a function of mean stress for example, but there 
is little evidence to this effect. Nevertheless, there are some differences in the crack 
trajectory in specimens under identical test conditions. These small-scale fluctuations in 
crack path are worthy of detailed investigation but, until recently, experimental techniques to 
evaluate the strength of mixed mode crack field have not been reliable enough to yield some 
useful information.  
Understanding the behaviour of mixed mode cracks in general, and the path of such cracks 
requires a combination of high quality experimental data and observations as well as robust 
mathematical models. Good data on the crack tip stress state, crack closure and contact, and 
the crack trajectory is hard to obtain and there has been much recent work in this area [29]. 
 
5 Functional materials and electromechanical coupling 
Functional materials exploit coupling among multiple variables for example, by transforming 
mechanical energy into electrical energy in piezoelectric materials. Electromechanical 
coupling coefficient is a numerical measure of the conversion efficiency between the 
electrical and mechanical energy in piezoelectric material. Qualitatively the 
electromechanical coupling coefficient, K (to be distinguish from SIF) can be determined as: 
 
K-2 = FjSjkl	$*Smj+j'	)j	RS)n+	jSjkl        (1.42) 
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5.1 Modified criteria and tools for the fracture of piezoelectric materials 
 
Piezoelectric materials have been extensively used in smart devices such as sensors and 
actuators. The combined mechanical and electric loads give rise to sufficiently high stresses 
in these devices, which result in catastrophic failure. Piezoelectric ceramics have become 
preferred materials for a wide variety of electronic and mechatronic devices due to their 
pronounced piezoelectric, dielectric, and pyro electric properties. However, piezoelectric 
ceramics are brittle and susceptible to cracking at all scales ranging from electric domains to 
devices. Various defects, such as domain walls, grain boundaries, flaws and pores, impurities 
and inclusions, etc., exist in piezoelectric ceramics. Defects cause geometric, electric, 
thermal, and mechanical discontinuities and thus induce high stress and/or electric field 
concentrations, which may induce crack initiation, crack growth, partial discharge, and 
dielectric breakdown, fracture or failure. Due to the importance of the reliability of these 
devices, an effective prediction of their reliability is important for the design activity [40]. 
Fracture behavior of piezoelectric ceramics is more complex than in other materials, because 
of the nonlinear nature of the mechanical and electrical properties. There are new challenges 
in studying the fracture behavior of piezoelectric ceramics, e.g., determination of the electric 
boundary conditions on crack faces, effect of electric fields on the piezoelectric fracture 
behavior, calculation of the global and local energy release rates, etc.  
Analysis of fracture behaviour in piezoelectric material is never simple because there is 
much nonlinearity repurposed. Polarization is linked to the electric field nonlinearly. 
Somehow relation between strain and electric field might because nonlinear above a certain 
amplitude of voltage. Moreover material may exhibit a nonlinear relation between stress and 
strain. To face the problem of solving this kind of problem, some approached based on 
micromechanical modeling of materials are used as well as methods based on some 
phenomenological approaches. This motivated the large number of criteria proposed for 
fracture of piezoceramics [41]. 
Modeling the piezoelectric material inside some FEM code exhibits the problem of inputting 
the electromechanical properties of these materials. ABAQUS is usually used to analyze the 
fracture mechanics, but there are some difficulties in case of piezoelectric materials. 
Electromechanical properties can be inputted only as loading and boundary condition inside 
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the software properly and also the fracture properties of piezo have to be assigned into the 
model. Unfortunately this software doesn’t have a suitable tool to connect the 
electromechanical and fracture modeling together. That’s why it was strictly required writing 
a dedicated subroutine by using either Python or Isight. 
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CHAPTER 2 
 
MODELING OF THE FRACTURE OF THE LINEAR ELASTIC 
MATERIAL 
 
 
 
 
 
1 Numerical approach for the description of fracture  
 
 As it was already described in pervious chapter, three are the modes of propagation of crack 
 which have to be predicted when an analytical approach is applied. 
 Opening sliding and tearing crack modes are analyzed. Literature of fracture mechanics 
 provide some very well known and assessed models, which will be here, briefly summarized. 
 If one assumed that a local reference frame could be described as in Fig 2.1, the stress 
 components to be calculated are: σθθ, σrr, τrθ. 
 Being σθθ the local tangential component, expressed in terms of normal stress, σrr is the radial 
 component along the z-direction, while τrθ is the shear stress lying on the plane. 
 It is worthy noticing that analytical approach is simply discretized inside the finite element 
 method, when the prediction of fracture behaviour is performed by a numerical solution. In 
 particular, the polar reference frame described in the analytical approach is used and the 
 same stress component is calculated. 
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The stress field at the crack tip is shown in Fig 2.1. For mode I, stresses and displacements at 
the crack tip are given by Lawn [42]:
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Fig 2.1: Stress field at crack tip.[24] 
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For mode II they are 
oσKKστK q	= ,gg(
_K)r.stu
tv sin(c
)[1 −3{
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|uKu~	= ,gg
0 	( K
_)r. (1 + )[−(2G − 1) sin 
c
 + 3sin	(c
 )(1 + )[−(2G + 1) cos c
 + 3cos	(c
 ) 
Parameters K changes in case of either plane stress or plane strain as follow: 
K = (3 - ν)/(1 + ν) Plane stress (2.3) 
K = (3 - 4ν) Plane strain (2.4) 
In above equations, E is the Young’s modulus, ν is the Poisson’s ratio. ur is the displacement 
parallel to the r coordinate, and uθ is the displacement normal to the  coordinate. According 
to the literature stress and displacement equations in (2.1, 2.2) can be summarized as follow: 
 
σij = K 
F√
_K fij (θ)               (2.5a) 
 
ui = K
F
0  K
_ fi (θ)                (2.5b) 
 
The K factor depends on the loading condition σij, and also on the specimen geometry (r, θ, 
ui) For r = 0, which is at the tip of the fracture, a singularity exists in the linear stress and 
strain field. 
(2.2) 
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2 The Stress Intensity Factor 
To calculate the SIF for mode I in a finite element mesh three points of the crack are 
considered as “A”, “B” and “C”. Under the unique effect of mode I, at a finite grid block 
A-B, θ = 180  and r=rAB 
Displacement parallel to the r−coordinate is zero. Only displacement along the  
direction, being normal to the r−coordinate, is active. From (2.1) difference of 
displacements between points A and B is: [43] 
uθB – uθA = − 
,g(F/)(,/F)0 K
   (2.6) 
Therefore SIF of mode I, KI, is computed as 
 
KI = 
0(F/)(,/F)	0 
K (uθB – uθA)              (2.7) 
In case of pure mode II, there is no displacement along the direction normal to the  
coordinate, and uθ is null. Displacement parallel to the r−coordinate is: 
urB – urA = − 
,gg(F/)(,/F)0 K
   (2.8) 
And SIF of mode II, KII, is computed as: 
KII= 
0(F/)(,/F)	 
K (urB – urA)  (2.9) 
Equations (2.6) and (2.8) are applicable for cracks with symmetrical structure, i.e. 
displacements at points B and C are identical in magnitude and opposite in sign. In a 
mixed mode I-II free surface may overlying the fracture [44]. Under mixed mode I-II 
condition displacements at the two sides of the crack face are different. In the above 
discussed case, displacement normal to the crack axis at points B and C, uθB and uα, 
respectively, are different; as well as displacement parallel to the crack axis at these two 
points, urB and urC, at point C, θ = 180 and r=rAC 
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Normal displacement uθ at point B only results from mode I: 
uθB = − 
,g(F/)(,/F)0 K
   (2.10) 
as for point C 
uθC = 
,g(F/)(,/F)0 K
   (2.11) 
where rAB = rAC. If one subtracts (2.10) and (2.11), and solve for KI: 
KI=− 
0
(F/)(,/F)	 
K (uθB – uθA)  (2.12) 
Under mode II with asymmetric mix-mode loading condition, displacement normal to the 
crack axis is null at both points B and C. However, displacement parallel to the crack axis 
at point B is: 
urB = − 
,gg(F/)(,/F)0 K
  
 
(2.13) 
while at point C 
urC = 
,gg(F/)(,/F)0 K
   (2.14) 
These equations lead to: 
 
KI=− 
0
(F/)(,/F)	 
K (urB – urC)             (2.15) 
 
This approach is referred to as  “displacement correlation method”, which is one among 
three methods widely used to calculate the stress intensity factor in some FEM codes. In 
the displacement correlation method, displacement values computed at the finite element 
grid nodes near crack tip are correlated with analytical solutions [45].  
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3. Propagation Criterion for crack 
 
 The critical value of the SIF, KIC, which is also recognized as fracture toughness 
[Lawn, 1993], is a material property used to describe the resistance of a material to 
fracture propagation. The fracture toughness of a material is related to the strength of 
bonds between constituent particles and the size of flaws in the material.  Fracture 
toughness is widely used to describe fracture propagation through rock, and it appears to 
be a valid predictor of fracture propagation in cohesive soils.  In rock, fracture toughness 
values are typically on the order of 1 MPa√&, whereas the fracture toughness of partially 
saturated silty clay is less than 0.05 MPa√& [46].  
Propagation criterion which, will be used in this work is that under mode I, the onset of 
crack propagation will appear, and propagation will continue as far as: 
KI ≥ KIC  (2.16) 
Propagation when will stop as soon as: 
KI < KIC  (2.17) 
In case of pure mode-I fracture crack will propagate in the same direction as it was 
initiated. However, under mixed mode-I and mode-II, initiation and propagation of a 
crack depend upon both modes I and II of the SIF and critical values. In the FEM analysis 
to simulate mixed mode I and II propagation the maximum circumferential tensile stress, c<8, near the crack tip [43] and some assumptions are made:  
1) Crack extension starts at crack tip along the radial direction. 
2) Crack extension starts in a plane normal to direction of the greatest tensile stress. 
3) Crack extension begins when c<8 reaches a critical material-constant value.  
According to the theory [43]: 
 
σθ√2 = cos c
 (KI cos2c
 – c
 KII sinθ) = KIC            (2.18) 
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and 
 
τrθ = 0 cos 
c
 [KI sin θ + KII (3cos θ – 1)] = 0              (2.19) 
 
Therefore from equation (2.23), direction of the initial fracture increment, , can be 
found from 
.  (2.20) 
For instance, in case of mode I, 
  (2.21) 
  (2.22) 
Therefore crack will propagate in its own plane. However, for pure mode II, 
  (2.23) 
. (2.24) 
i.e. crack will tend to follow a skew- path with an angle of 70.5 degree. Under mixed 
mode conditions, crack will propagate along a direction identified by an angle between 
 and , according to the mixed condition of  and . 
 
 
 
4 Analytical approach of crack tip energy release rate for piezoelectric 
material 
Electrostatic, dielectric, piezoelectric and elastic behavior will be accepted in the standard 
form since they have been verified rigorously over many years. The state of a material 
will be assumed to be given by its strain s and its polarization P and the behavior of the 
material will be assumed to be linear and reversible with nonlinearities and irreversibility 
θ
0)1cos3(sin =−+ θθ III KK
0=IIK
°=⇒= 00sin θθIK
0=IK
°−=⇒=− 5.700)1cos3( θθIIK
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confined to the crack tip. The stored electrostatic energy in the material is due to its 
polarization P, but it is useful for the calculations of stored work to introduce the electric 
displacement D such that [47]: 
 
Di  = eO Ei + Pi          (2.25) 
 
Where eO   is the permittivity  of free space and  E is the electric field. With  these 
variables, it is possible to account simultaneously for the  stored  energy  of  
polarization and  the  interaction energy  among  external  and  other  charges  
necessary  to  permeate  the  electric  field E  into  the space occupied by the material. 
xi the electric field is given by: 
 
Ei = 
87                      (2.26) 
 
Where x is position in space and Φ is the electric potential. The electric displacement 
satisfies the condition: 
 
787 = qv          (2.27) 
 
where qv is the density of free charge per unit volume. Throughout, we take qv = 0. 
The strain S is given by: 
 
Sij= 
F
 (787 +		87)         (2.28) 
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Where u is the displacement of continuum material points. Stress  satisfies condition: 
 
787  + bj = 0          (2.29) 
 
Where b is a body force per unit volume and quasi-static conditions are assumed. Since qv 
=0, there are no Coulomb’s forces acting on free charge within the material. The effect of 
forces acting on bound charges involved in the polarization process will be treated as 
being accounted for in the stored energy of the polarized state. Therefore, the body force 
b is zero and the stress s balances only loads applied externally to the body. In principle, 
some of these external loads could be due to electrostatic Coulomb’s forces acting on the 
free charges at interfaces with electrodes or other surfaces. We will argue later that these 
are sufficiently small and can be neglected. 
The constitutive laws connecting the electric displacement, stress, electric field and strain 
are: 
σij = Cjkl(Skl – Srkl)-ekijEk        (2.30) 
Di = eijk(Sjk - Srjk) + εijEj + Pri        (2.31) 
Where Cjkl is the elasticity tensor at constant electric field, εij is the tensor of dielectric 
permittivities at constant strain, eijk is a tensor of piezoelectric coefficients, Sr is the 
remanent strain of polarization and Pr is the remanent polarization. The stored energy per 
unit volume (in the absence of remanent strain and polarization) is given by: 
 
U = F
 σij Sij + F
 EiDi         (2.32) 
 
We address the problem of calculating of the crack tip energy release rate in a loaded 
compact tension specimen subject to an applied electric field. The material is 
piezoelectric, poled in the positive x3-direction and transversely isotropic about the poling 
axis. The needed relationships for plane strain: 
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σll  = Cll sll  + Cl3 s33 - e3l E3                  (2.33) 
  
σ33  = Cl3 sll  + C33 s33 - e33 E3                                                                              (2.34) 
 
σ l3 = 2C44sl3 - el5 El                                                                                              (2.35) 
 
Dl  = 2el5 sl3 + ell El                                                                                               (2.36) 
 
D3 = e3l sll  + e33 s33 + e33 E3                                                                                    (2.37) 
 
Where the datum for strain and electric displacement is the polarized state. That is, the 
remanent strain and polarization are present in the material but because the remanent state 
is the reference configuration for the measurement of strain, sr and Pr are numerically 
equal to zero. Due to plane strain and the fact that the electric field is applied in the x1±x3 
plane, the strains s22, s12, and s23, the stresses s12 and s23 plus the electric field component 
E2 and the electric displacement component D2 are all zero. The stress component s22 is 
nonzero to maintain plane strain constraint, but is not given above. W is the electrical 
enthalpy given by: 
 
W = F
 (σij Sij – EiDi)         (2.38) 
 
A is the planar area of the specimen, S is the perimeter of the specimen and D is the 
displacement of one of the load points in the direction of its prescribed applied force F. 
The integral over is taken only where the tractions are imposed in the case of the term 
involving displacements and only where the surface charge is imposed in the case of the 
term involving the potential. Variation of the displacements and the potential are 
constrained to be zero where they are imposed on S. 
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The J-integral is used for the fracture mechanics analysis of the specimen. The form 
suitable for piezoelectric materials is: 
 
J = [ 		 [Wdx3 + (niDiE1 – Ti (787) ds]           (2.39) 
 
Where Γ is the contour from the crack tip on the lower surface to the crack tip on the 
upper surface and is traversed in the direction shown, n is the outward unit normal to the 
contour Γ and ds is arc length along the contour. Elementary considerations can be used 
to show that for homogeneous materials J is path independent (as long as the contour 
begins and ends at the crack tip and encloses the tip, encompassing the singularity there) 
and that J is equal to Γ, the crack tip energy release rate on propagation of the crack. That 
is, J gives the reduction of potential energy of the specimen per unit area of crack 
advance. [47] 
 
5 Numerical tools 
There are many numerical approaches currently available to solve the problems 
concerning LEFM and to calculate the SIF. Research activity in this domain has produced 
a very large number of papers and it would be extremely difficult, and perhaps useless in 
the frame of this thesis, to extensively review all the literature on this subject. Therefore, 
following state of the art only briefly includes some of the basic references and proposes 
a classification of proposed methods by defining categories.  
 
a) The Finite Element Method (FEM) 
Usually, displacement-type finite elements (based on the virtual work principle) are 
widely used.  According to the so-called “direct approach”, the SIF are deduced from the 
displacement field, this is the case of the Crack Opening Displacement method (COD). 
In the “energy approach” which is generally more precise, the SIF are deduced from the 
energy distribution in the proximity of the crack tip, either from the energy release as in 
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the method of the Virtual Crack Extension or from the J-integral as in the Equivalent 
Domain Integral Method [48]. 
 
b) The Boundary Elements Method (BEM) 
In this method, only the boundaries of the solid are discretized. The partial differential 
equations of the Theory of Elasticity are transformed into integral equations on the 
boundaries of the domain. Basically, the primary unknowns of the numerical problem are 
the displacements.  
This is the case for the “crack Green’s function method”, the “displacement discontinuity 
method” and the “sub regions method”. In dual method has been developed, which the 
surface tractions as primary unknowns [49]. 
 
c) The Mesh less method  
This method has been applied to fracture mechanics since 1994 and, subsequently, 
different improvements have been introduced, for example to couple this approach with 
the finite element method, to ensure the continuity of displacements in the vicinity of 
crack and improve the representation of the singularity at the crack tip, by using an 
arbitrary Lagrangian-Eulerian formulation to enrich the displacement approximation near 
the crack tip or to enrich the weighting functions [50]. 
 
d) The Extended Finite Element Method  
The Extended Finite Element Method (XFEM) allows some discontinuities in the 
assumed displacement field. Discontinuities can be due to the presence of cracks and do 
not have to coincide exactly with the finite element edges: they can be located anywhere 
in the domain independently of the finite element mesh [51]. This approach is extremely 
used in the recent literature of fracture mechanics and is highly supported by the 
ABAQUS © code. 
 
5.1 The Finite Element Method 
Many issues of structural integrity can be cast as problem of linear elastic fracture 
mechanics (LEFM). These can include fatigue crack propagation and life prediction, 
other types of sub-critical crack growth, residual strength estimation, and brittle fracture. 
Modeling of the fracture of the linear elastic material
 
 
In these and other related problems, it is essential to be able to predict the onset of crack 
growth, and its rate, shape, and stability. the finite element method, as performed within 
modern high-performance and low cost computing environments, is a 
analyzing such LEFM problems.
A) Singular finite elements
A fundamental difficulty when modeling linear elastic fracture mechanics (LEFM) 
problems through FEM is that polynomial basis functions used for most conventional 
elements cannot represent the singular crack
theory. This means that mesh doesn’t assure the numerical convergence to the theoretical 
solution, although it is highly refined around the crack tip.
A significant improvement in the
and independent, development of the quarter
stress and strain fields are modeled by standard quadratic order isoparametric finite 
elements if one simply moves the el
the way from the crack tip to the far end of the element. This procedure introduces a 
singularity into the mapping between the element’s parametric coordinate space and the 
Cartesian space [52]. The quad
Fig 2.2: The quadratic quarter
 
 
 
-tip stress and strain fields predicted by the 
 
 use of FEM for LEFM problems was the simultaneous, 
-point element. Crack tip displacement, 
ement’s mid-side node to the position one quarter of 
ratic quarter-point element is illustrated in Fig 2.2.
 
-point element [53] 
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natural tool for 
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The introduction of quarter-point elements was a significant milestone in the 
development of finite element procedures for LEFM. With these elements standard and 
widely available, finite element programs can be used to model crack tip fields 
accurately, with only minimal preprocessing required.  
B) Extracting SIF and Energy Release Rate from FEM 
Under LEFM assumptions, the stress, strain and displacement fields in the near crack-tip 
region are determined by the SIF. Therefore, extraction of accurate SIF is a fundamental 
task of FEM modeling. A large number of techniques for extracting SIF have been 
presented in the literature [54]. Among those, four are very often applied: displacement 
correlation, virtual cracks extension, modified crack closure integral and the J-integral, 
these techniques look more accurate and simples. 
It is worthy motivated that techniques for extracting SIF’s fall into one of two categories 
above-mentioned. Some belong the direct approaches, which correlate the SIF’s with 
FEM results directly and energy approach, which compute the energy release rate. In 
general, the energy approaches are more accurate and should be used preferentially. 
However, the direct approaches are especially useful as a check on energy approaches 
because expressions are simple enough to handle the calculations. a brief description of 
four mentioned techniques follow: 
Generalized Displacement correlation method is one of the simplest first techniques 
proposed to extract SIF’s from the FEM displacements for a node of the mesh, by 
substituting directly displacement value into the analytical expressions for near-tip 
displacement, after subtracting the displacements of the crack tip. Usually, a node on the 
crack face where the displacements will be greatest is selected and thus the relative error 
in the displacements is expected to be smallest. A generalized form displacement 
correlation method (GDC) can use any linear or quadratic finite element type with 
homogeneous meshing without local refinement. These two features are critical for 
modeling dynamic fracture propagation problems where locations of fractures are not 
known a priori. Because regular finite elements’ shape functions do not include the 
square-root terms, which are required for accurately representing the near-tip 
displacement field, the GDC method is enriched via a correction multiplier term. The 
proposed method using quadratic elements is accurate for mode-I and mode-II fracturing, 
including for very coarse meshes. An alternative formulation using linear elements is also 
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demonstrated to be accurate for mode
most engineering applications can be obtai
remains considerably less than that required by most other methods for estimating stress 
intensities [55]. The configuration for this simple approach is shown in Fig 2.3.
 
Fig 2.3: Possible sample point locatio
The virtual crack extension method
change in the total potential energy of a system for a small extension of the crack. Under 
LEFM assumption, this is equal to the 
extension crack is more accurate than the displacement correlation approach for a given 
finite element mesh. However, as originally proposed, only a total energy release rate is 
computed. It is not separated for
The modified crack closure integral (MCCI) technique
Rybicki and Kanninen [57], They observed that Irwin’s crack closure integral could be 
used as computational tool (Fig 2.4). Release the energ
and displacement fields for a small crack increment. 
 
-I fracturing, and acceptable mode
ned with appropriate mesh resolution, which 
n for simple displacement correlation [54]
 
 is an energy approach that computes the rate of 
energy release rate. In general, the virtual 
 the three modes of fracture [56]. 
 was originally proposed by 
y release rate to the crack
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-II results for 
 
 
 
-tip stress 
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Fig 2.4: Crack-tip stress and displacement fields used in Irwin crack closure integral [58]
The MCCI procedure has been extended for use with higher order 
interest is its formulation for quadratic
express the crack-tip displacement and stress fields in terms of second order polynomials 
that were consistent with the quarter
In general, for a given mesh the MCCI technique yields SIF’s that are more accurate than 
the displacement correlation approach, but less accurate than the J
However, it gives surprisingly accurate results for its simplicity and requires n
and displacements only, which are standard outputs from many finite element programs.
The J-integral is well-known parameter of nonlinear fracture mechanics. Under linear 
elastic material assumptions, the J
energy release rate, G. In its original formulation, it relates the energy release rate of a 
two dimensional body to a contour integral. The contour integral in the simple form can 
be shown to be path-independent providing there are no bo
area, there are no tractions on the crack surface and the material behavior is elastic [29].
C) Available tools and softwares
In the FEM, the structure is subdivided into discrete elements. Different Element types 
can be used to cover the problem. Elements are connected at node, where continuity of 
displacement field is imposed. Displacements at nodes depend on the element stiffness 
 
 
element. Of particular 
-point elements is insensitive. These elements 
-point behavior. 
-integral can be interpreted as being 
dy forces inside the integration 
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and computational of the nodal forces. For structural problems, numerical solution 
consists of computing nodal displacements. Stress and strain distributions throughout the 
body, as well as the crack parameters such as SIF, can be inferred from the nodal 
displacements. A number of commercial FEM packages have the ability of crack 
modeling and performing the fracture mechanics calculations. There is also some 
noncommercial code, as the FRANC2D, which is developed by the Cornell University, 
being surprisingly easy to learn and offering many capabilities. Finite element analysis 
can be carried out by several available software like ABAQUS, ANSYS, and LS- DYNA 
etc. These softwares are user friendly and give a wide range of analysis options. Static, 
dynamic, fluid, thermal and electromechanical problems can be analyzed by means of 
those codes. 
In this thesis, the ABAQUS© was used, it can solve linear and nonlinear problems. It was 
designed to be able to investigate many links of nonlinearities such as geometrical 
material or multi-physic domains. Some specialized modules allow investigation of 
several behaviour of material in presence of plasticity, buckling, electromechanical 
coupling and even fracture. Numerical tools are evaluated to solve nonlinear problems by 
an automatic updating of the set-up to assure the numerical convergence and an accurate 
result. 
 
5.2 The Extended Finite Element Method 
The extended finite element method (XFEM), also known as generalized finite element 
method (GFEM) or partition of unity method (PUM) is a numerical technique that 
extends the classical finite element method (FEM) approach. Tools for solving to 
differential equations with discontinuous functions are included. The XFEM was 
developed to analyze problems with localized features, which cannot efficiently solved by 
a mesh refinement. A relevant application is modeling of fracture in the materials. 
Discontinuous basis functions are added to the standard polynomial basis functions for 
elements that are intersected by a crack, to include the crack opening displacements. A 
key advantage of XFEM is that in such problems the finite element mesh does not need to 
be updated to track the crack path. Subsequent research has demonstrated the more 
general use of the method for problems involving singularities, material interfaces, 
regular meshing of micro structural features such as voids, and other problems where a 
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localized feature can be described by an appropriate set of basis functions. It was shown 
that for some problems, such an embedding of the problem's feature into the 
approximation space could significantly improve convergence rates and accuracy. 
Moreover, treating problems with discontinuities with XFEM suppresses the need update 
and refine the mesh of discontinuity surfaces, thus alleviating the computational costs and 
errors associated with conventional finite element methods [51]. 
In XFEM, a discontinuous function and the two-dimensional asymptotic crack-tip 
displacement fields are added to the finite element approximation to account for the 
crack, by using the notion of “partition of unity”. This enables the domain to be modeled 
by finite elements with no explicit meshing of the crack surfaces. The initial crack 
geometry is represented by level set functions, and subsequently signed distance 
functions are used to compute the enrichment functions that appear in the displacement-
based finite element approximation. The method has basically been developed in 
Northwestern University. 
 
 
5.3 The Crack Box Technique 
In order to use this technique one has to automatically create a transition zone between 
the ‘‘crack box’’ and the whole structural unchanged mesh. According to Fig 2.5 three 
regions can be detected around the crack tip: 
• Zone (A): “Crack box”. It contains a specific and regular mesh. It is affected by the 
asymptotic solution at the crack tip. For elastic calculations, few elements are needed. 
The crack tip is modeled with degenerated quadratic elements with one side collapsed 
and mid side nodes are moved to the quarter point nearest the crack tip to create a strain 
singularity in F√K  (r is the distance from the crack tip). For plastic calculations, more 
elements are needed to precisely determine the J-integral. To introduce a FK singularity for 
perfectly plastic material strains, degenerated quadratic elements are also used but crack 
tip nodes are allowed to move independently and mid side nodes remain at the mid side 
point. For Ramberg–Osgood materials, it has been checked that the latter mesh allows to 
globally approximating the F√KZZr 	strain field (n is the hardening coefficient). 
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• Zone (B): “Transition region”. It contains an optimized linear (for elastic calculations) 
or quadratic (to increase precision for elastic and plastic calculations) displacement field 
associated to triangular mesh obtained with the Delaunay triangulati
NAG (Numerical Algorithms Group). This allows connecting the specific crack box with 
the whole ABAQUS model, which can be either a 2D model or a 3D shell model. The 
border of this region is automatically defined as a function of the crack
calculated. 
• Zone (C): “Whole Model”. It represents a usual finite element mesh. It is to be noted 
that this mesh is unchanged during the crack propagation. 
 
Fig 2.5: Crack box technique and different zone around crack tip and diffe
Creation of a crack box by an automatic procedure was used in this thesis is to develop a 
numerical tool by using the ABAQUS© code. Some steps are foreseen:
1) Meshing of the three regions for the initial crack.
2) Performing FEM calculatio
the direction of the crack extension.
 
 
  
 
 
n. An elastic or elastic–plastic criterion is used to calculate 
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3) Increasing the crack length in the calculated direction. The increment of crack ∆a is 
mesh dependent. Influence of the crack extension can be taken into account by 
calculating the crack direction for different values of ∆a until convergence. In this work 
the crack box size was set at the crack increment and the ratio dJ/da was then checked to 
be lower than a prescribed value. This criterion can be introduced during the crack 
simulation by subdividing the crack extension in the case it is not fulfilled with the 
default value. 
4) Updating the local crack tip region mesh and connecting it to the whole structure by 
region B. Actually the region (B) works such a moving contour around the crack tip. It 
looks like a static condensation of the structural behaviour to the crack tip region. This 
technique is almost similar to boundary integral equations in which the transition zone 
replaces the contour [59]. 
 
5.4 The boundary element method (BEM) 
Boundary elements show considerable promise as a means of both elastic and elasto-
plastic analysis of the crack propagation. The boundary element method (BEM) is a 
numerical computational method of solving linear partial differential equations, which 
have been formulated as integral equations (i.e. in boundary integral form). It can be 
applied in many areas of engineering and science including fluid mechanics, acoustics, 
electro magnetics, and fracture mechanics. In electro magnetics, the more traditional term 
"method of moments" is often, though not always, synonymous with "boundary element 
method". 
The integral equations may be regarded as an exact solution of the governing partial 
differential equation. The BEM attempts to use the given boundary conditions to fit 
boundary values into the integral equation, rather than values throughout the space 
defined by a partial differential equation. Once this is done, in the post-processing stage, 
the integral equation can then be used again to calculate numerically the solution directly 
at any desired point in the interior of the solution domain. 
BEM is applicable to problems for which Green's functions can be calculated. These 
usually involve fields in linear homogeneous media. This places considerable restrictions 
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on the range and generality of problems to which boundary elements can be usefully 
applied. Nonlinearities can be included in the formulation, although they will generally 
introduce volume integrals, which then require the volume to be discretized before 
solution, removing one of the most often cited advantages of BEM. A useful technique 
for treating the volume integral without discretizing the volume is the “dual-reciprocity 
method”. This technique approximates part of the integrand by using radial basis 
functions (local interpolating functions) and converts the volume integral into boundary 
integral after collocating at selected points distributed throughout the volume domain 
(including the boundary). In the dual-reciprocity BEM, although there is no need to 
discretize the volume into meshes, unknowns at chosen points inside the solution domain 
are involved in the linear algebraic equations approximating the problem being 
considered [60]. 
The Green's function elements connecting pairs of source and field patches defined by the 
mesh form a matrix, which is solved numerically. Unless the Green's function is well 
behaved, at least for pairs of patches near each other, the Green's function must be 
integrated over either or both the source patch and the field patch. The form of the 
method in which the integrals over the source and field patches are the same is called 
"Galerkin's method". Galerkin's method is the obvious approach for problems, which are 
symmetrical with respect to exchanging the source and field points. The cost of 
computation involved in naive Galerkin implementations is typically quite severe. One 
must loop over elements twice (so we get n2 passes through) and for each pair of elements 
it loops through Gauss points in the elements producing a multiplicative factor 
proportional to the number of Gauss-points squared. Also, the function evaluations 
required are typically quite expensive, involving trigonometric/hyperbolic function calls. 
Nonetheless, the principal source of the computational cost is this double-loop over 
elements producing a fully populated matrix [61]. 
The Green's functions, or fundamental solutions, are often problematic to integrate as 
they are based on a solution of the system equations subject to a singularity load (e.g. the 
electrical field arising from a point charge). Integrating such singular fields is not easy. 
For simple element geometries (e.g. planar triangles) analytical integration can be used. 
For more general elements, it is possible to design purely numerical schemes that adapt to 
the singularity, but at great computational cost. Of course, when source point and target 
element (where the integration is done) are far-apart, the local gradient surrounding the 
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point need not be quantified exactly and it becomes possible to integrate easily due to the 
smooth decay of the fundamental solution. It is this feature that is typically employed in 
schemes designed to accelerate boundary element problem calculations. 
The BEM is often more efficient than other methods, including FEM, in terms of 
computational resources for problems where there is a small surface/volume ratio. 
Conceptually, it works by constructing a "mesh" over the modeled surface. However, for 
many problems boundary element methods are significantly less efficient than volume-
discretization methods (finite element method, finite difference method, finite volume 
method). Boundary element formulations typically give rise to fully populated matrices. 
This means that storage requirements and computational time will tend to grow according 
to the square of the problem size. By converse, FEM matrices are typically banded 
(elements are only locally connected) and storage requirements for the system matrices 
typically grow quite linearly with the problem size. Compression techniques can be used 
to ameliorate these problems, though at the cost of added complexity and with a success-
rate that depends heavily on the nature of the problem being solved and the geometry 
involved.  
Some BEM advantages can be highly defined: 
• The mesh is reduced in one dimension only. 
• Automatic satisfaction of the radiation conditions at infinity is assured. 
• Ability to capture high stress gradients is provided. 
• Easy implementation of elements modeling crack-tip fields in fracture is offered. 
Nevertheless the BEM exhibits some disadvantages like, singular integrations and need 
appropriate fundamental solution [62].
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Part Two 
Prediction of fracture mechanics in passive structures
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CHAPTER 3 
 
MODELING FRACTURE MECHANICS IN SINGLE LAYER 
OF METALLIC MATERIAL 
 
 
 
 
 
1 INTRODUCTION 
 
To assure a suitable design tool for fracture mechanics using the ABAQUS© code a 
preliminary implementation in case of a single layer of metal was performed. To develop 
this activity the AISI 4340 steel was selected and numerical investigations were 
performed by analyzing what happens during a standard fracture test upon three points 
bending specimen. 
 
1.1 Material selection: AISI Steel 4340 
Practical industrial applications currently use many kinds of steel, being either cast 
directly to shape, or into ingots, which are reheated and hot worked into a wrought shape 
by forging, extrusion, rolling, or other processes [63]. Wrought steels are the most 
common engineering material used, and come in a variety of forms with different finishes 
and properties. Alloy steels are steels that exceed the element limits for Carbon. 
However, they containing more than 3.99% Chromium are classified differently as 
stainless and tool steels. Alloy steels also contain elements not found in carbon steels 
such as nickel, chromium (up to 3.99%), cobalt, etc.  
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The typical elastic modulus of alloy steels at room temperature (25°C) ranges from 190 to 
210 GPa. The density of alloy steels is about 7.85 g/cm3 and tensile strength varies 
between 758 and 1882 MPa. The wide range of ultimate tensile strength is largely due to 
different heat treatment conditions.Among the number of steels used, the AISI 4340 is 
quite popular and very often was used to test design tool against fracture in the literature. 
The AISI 4340 is a low alloy steel containing nominally 0.4% C, 0.8% Cr, 0.25% Mo and 
1.8% Ni. Higher strength levels up to 1,03 GPa may be achieved by suitable heat 
treatment. It is often used in instead of AISI 4140 at the higher strength levels because of 
its better hardenability. Due to availability this grade is often substituted with European 
based standards 817M40, EN24 and 1.6528 34CrNiMo6; which are similar but have a 
slightly lower nominal nickel content of 1.5% and higher nominal chromium content of 
1.3%. The hardenability limitations of this grade (depth to which it will harden / obtain 
the specified mechanical properties after heat treatment) must always be taken into 
account when designing and selecting equipment. Component of the AISI 4340 is 
described in Table 3.1. 
Table 3.1: Composition of AISI 4340 steel [63] 
Element Weight % 
C 0.38-0.43 
Mn 0.60-0.80 
P 0.035 (max) 
S 0.04 (max) 
Si 0.15-0.30 
Cr 0.70-0.90 
Ni 1.65-2.00 
Mo 0.20-0.30 
 
Tables 3.2 and 3.3 show some mechanical, thermal and electrical properties of the AISI 
4340 steel. 
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Table 3.2: Thermal properties of AISI 4340 steel [63] 
 
Table 3.3: Mechanical and electrical properties of AISI 4340 steel [63] 
Properties Conditions 
T (°C) Treatment 
Density (g/cm3) 7.7-8.03 25  
Poisson's Ratio 0.27-0.30 25  
Elastic Modulus (GPa) 190-210 25  
Tensile Strength (MPa) 744.6  
 
25 
 
 
annealed at 810°C 
Yield Strength (MPa) 472.3 
Elongation (%) 22.0 
Reduction in Area (%) 49.9 
Hardness (HB) 217 25 annealed at 810°C 
Electric Resistivity (10-9W-m) 248 20 - 
 
The AISI 4340 steel is often used for structural applications, such as aircraft landing gear, 
power transmission gears and shafts and other structural parts. It uses in heavy-duty 
axles, shafts, heavy-duty gears, spindles, pins, studs, collets, bolts, couplings, sprockets, 
pinions, torsion bars, connecting rods, crowbars, conveyor parts etc. The Table 3.4 shows 
the characteristics of AISI 4340 steel in different process and situations. 
 
Properties Conditions 
T (°C) Treatment 
Thermal Expansion (10-6/ºC) 11.5 20-100 Oil hardened, tempered 630°C 
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Table 3.4: characteristics of AISI 4340 steel in different processes [63] 
 
Principal Design 
Features 
AISI 4340 is heat treatable, low alloy steel containing nickel, 
chromium and molybdenum. It is known for its toughness and 
capability of developing high strength in the heat-treated condition 
while retaining good fatigue strength. 
 
 
Machinability 
Machining is best done with this alloy in the annealed or 
normalized and tempered condition. It can be machined by all 
conventional methods. However in the high strength conditions of 
200 ksi or greater the machinability is only from 25% to 10% that 
of the alloy in the annealed condition. 
 
Forming 
4340 has good ductility in the annealed condition and most 
forming operations are carried out in that condition. It can be bent 
or formed by spinning or pressing in the annealed state.  
 
Welding 
The alloy can be fusion or resistance welded. Preheat and post heat 
weld procedures should be followed when welding this alloy by 
established methods. 
 
Heat Treatment 
Heat treatment for strengthening is done at 1525 °F followed by an 
oil quench. For high strength (over 200 ksi) the alloy should first 
be normalized at 1650 °F prior to heat treatment. See "Tempering" 
for strength levels. 
 
Hot Working 
4340 has very good cold forming capability so that hot working 
should not be needed. Hot working in any but the annealed 
condition can affect the strength level. Consult the alloy supplier 
in regard to hot working. 
Cold Working The 4340 alloy may be cold worked, in the annealed condition, by 
conventional methods and tooling. It has good ductility. 
Hardening The alloy will harden by cold working or by heat treatment -- see 
"Heat Treatment" and "Tempering". 
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1.2 Test case for modeling
Numerical model was aimed at predicting the behaviour of material in a structural 
fracture test performed by bending a specimen. Three loading conditions were analyzed 
to evaluate several parameters of fracture mechanic such as SIF, J
propagation and life prediction. Specimen looks like in Fig 3.1 and is the so
point bending specimen” (3PB). Dimensions are specified in Table 3.
Three modes were investigated in this analysis. A first sample is operated in first mode 
category of fracture mechanics, while the two others are operated in mixed mode fracture.
 
Specimen Length
Dimension 
[mm] 
 
A first loading condition corresponds to the first mode of fracture mechanics (single 
mode). As Fig 3.1 shows load is applied in the middle of specimen being supported at the 
two ends. Crack located in the middle of specimen length, and has a initial lengt
mm.   
Fig
 
 
 
5
Table 3.5: Dimension of specimen 
 Width Thickness 
180 40 30 
 3.1: Test with fracture mode “A” [64] 
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-Integral, crack 
-called “three 
. 
 
Length of 
Crack 
20 
h of 20 
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The second test case corresponds to mixed mode of fracture mechanics, which is shown 
in Fig 3.2. Load is in the middle of specimen so as mixed mode fracture is no more 
applied. Crack excited closer
 
 
A third case was then analyzed. Even in this one a mixed mode of fracture mechanics is 
operated. A Fig 3.3 shows, two load points with different amplitude of load are defined. 
Load at left side is 3/8 of other one; supports are positioned differently with 
case, no more and simply at the two ends of specimen. Initial crack is 20 mm long. 3P/8  
86   24  180 36  74  
 
 
 
 to the left hinge and has an initial length of 20mm. 
Fig 3.2: Test case of “mode B” [64] 
Fig 3.3: Test case of “mode C” [64] 
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pervious 
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2 Fracture analysis performed by analytical approach
 
2.1 Calculation of Stress Intensity Factor
To perform a fracture analysis the Stress Intensity Factor (SIF) of the mode tested is 
preliminary computed. Magnitude of this parameter depends on several factors, such as, 
the geometry of structure, the size of crack and its location and the loading cond
case of 3PB specimen and test mode A previously described. (Fig 3.4) 
Condition for propagation is:
 
KI=KIC    
 
Where KI is SIF for mode I and K
critical force Pc required to have propagation is found. 
 
Fig 3.4: Three point bending specimen’s sketch (3PB) [64]
 
 
Fracture toughness of the AISI 4340 is K
 
KI=
bC@/. f11(<@)  
 
f11(<@)=
 
F/
 (F?)/. [1.99
 
 
 
 
      
IC the toughness of material for propagation mode I and 
 
IC=48MPa. Expression for KI 
      
-
<@ 1 − <@ (2.15 − 3.93 <@ + 2,7 <@)
] 
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ition in 
 
 
(3.1) 
 
 
is [65]: 
 (3.2) 
 (3.3)  
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Where: s is the length of the beam (between the two supports)     
a is the crack height in beam          
t is the thickness of beam         
W is the width of beam          
P is the force applied           
f11 (a/w) is the geometric function, depending on a and W, respectively. 
 
As Fig 3.4 shows, a=20 mm, s=160 mm, t=30 mm, W=40 mm, while P is the unknown 
force applied, therefore: 
 
f11(<@)=
 
F/
 (F?)/. [1.99-
<@ 1 − <@ (2.15 − 3.93 <@ + 2,7 <@)
]  (3.4) 
 
 so, f11(<@)= 2.67. 
 
KI=
bC@/. f11(<@)         (3.5) 
 
Provided that KIC= 48 MPa, so critical load is: 
 
Pcr =28.17 KN 
 
To investigate the behaviour of the 3PB specimen, load P was increased from low N up to 
PC, by some steps and KI was computed. 
 
P1=10 KN  so  KI=17.75 MPa 
P2=15 KN  so  KI=26.62 MPa 
P3=20 KN  so  KI=35.5 MPa 
 
It is worthy noticing that very often material undergoes cyclic loading. In this case 
distribution of stress inside the specimen and around the crack tip changes accordingly to 
instantaneous load applied. This effect is important when plastic region is analyzed since 
material undergoes tensile and compressive stress alternately, Moreover, fatigue of 
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material affects the fracture behaviour, therefore fracture ana
stress which lead to have an alternate SIF.
Maximum and minimum values of stress intensity factor during the load period, usually 
KImax and KImin are computed and their ratio is defined as R = K
cracked component is strongly affected by the amplitude and frequency of cyclic load as 
well as environmental factors, such as corrosion and temperature.
An example of cyclic loading is shown in Fig 3.5. When crack propagation is undergoing 
this condition stress intensity factor range 
like in statics. 
 
 
Fig
 
 
In particular dynamic definition of stress intensity factor K
 
∆KI = KImax − KImin  
∆KI = KImax   
∆KI = 0   
 
 
 
lysis is faced an alternate 
 
Imax
 
∆KI is analyzed instead of a single value K
 3.5: Example of applied cyclic loading. 
I is: 
  
  if KImin ≥ 0
 
   if KImin < 0
    if KImax > 0
66
 
 / KImin. Life of 
I, 
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2.2 J-Integral 
 
An alternative way of analyzing fracture mechanics in Abaqus is by computing the J
Integral. J-integral allows characterizing the singularity of the stress field in proximity of 
the crack. In a pure 2D cracked and linear elastic medium, Rice (1968) defined as J the 
follow integral of contour:
 
J=ʃΓ{Wen1 – ij nj	5¡58F}ds 
 
Where We is the density of elastic strain energy and 
Since the crack is supposed as straight along its axis. 
contour, σij nj is the applied stress to the contour and 
(See Fig 3.6): 
Fig
 
As it was already mentioned stress intensity factor and J integral are selected as follow
(for linear elastic media): 
    
Being  E’=E  for plane stress, E’ = E/(1
modulus, while ν is Poison’s ratio.
 
 
      
Γ is a contour around the crack tip. 
n is the normal vector to the 
ui is the corresponding displacement. 
 3.6: Integral path for the J integral [30] 
 J=KI2/ E’    
-ν2) for plane strain and E is the Young’s 
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-
 (3.6) 
 
 
  (3.7) 
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2.3 Crack Propagation in standard specimen under bending
 
According to the Paris’s law, the fatigue growth rate da/dN is related to range 
Fig 3.7, being “a” crack length and N the number of loading cycles.
 
Fig 3.7: Fatigue growth rate by Paris’s law [19]
 
Fracture behaviour is characterized by three regions
∆KI > ∆Kth, i.e. the threshold value. After a preliminary transient growth, crack 
propagates with a good speed and 
∆KI > ∆KIC propagation suddenly becomes faster and unstable.
In region II, Paris’ low states that:
    
Above equation (3.6) describes the original formulation:
                                          
 
 
 
 
, crack starts to grow when 
Paris’ law can predict this behaviour. Only when
 
 
log E<ET = n log ∆KI + C   
 
E<ET = C (∆KI) n     
68
 
 
∆KI as in 
           
      
 (3.8) 
       (3.9) 
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C and n can be considered as the material properties. Paris also points out that for 
metallic materials, often 2 < n < 4 (n is dimensionless). Like in other domains of 
structural mechanics a safety factor nS can be applied. It is always larger than unity, to 
assure safety against collapse. 
 If safety factor is assumed to be ns=1.8, the other parameters are in the test case: 
C= 1 e-11 (MPa4m), n=3 and so far if ∆KI = 17.75 (MN/m3/2), fracture behaviour of AISI 
4340 is described by: E<ET = C (∆KI) n = 5.5 * e10. 
It can be observed that if variables, are separated the crack length “a” can be selected to 
the number of cycles N as follows: 
 
   [ E<¢√<£(<)¤Z<r<¥  = C (∆σ√Π) n[ \]T>     (3.10) 
 
 
This analytical approach is very useful if one would predict the number of cycles N 
required to reach a certain length of: 
 
   N=	 F	§	(∆I¨√©ª¥)..« (<r
..«. r?<¥¬..«. r	?..«. /F )    (3.11) 
 
       
In particular when ∆KI = ∆KIC the number of cycles required for the rupture to material 
propagation can be found. Nevertheless, a very often designer is prone to assume a safety 
factor to avoid that this condition might occur. Hence fracture toughness KIC is usually 
divided by the safety factor, for instance nS=1.8. In this case:  
 
KICS = (KIC/ns)= 27.777 MN/m3/2.  
     
According to the above interpretation maximum stress can be found as KI = σ∞. √­®f, f 
is the function of geometry and in test case f=2.67, therefore σ∞ = 26.596 ≈2 7 MPa. 
Model allows predicting the crack length for given number of cycles, if KIC is used the 
final length is af = 45.12 mm, which is bigger than the specimen width.  
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N=	 F	§	(∆I¨√©ª¥)..« (<r
..«. r?<¥¬..«. r	?..«. /F ) = 3.4553*e5. 
 
Therefore it can be found that to have a complete propagation of crack through the 
specimen width (40 mm) are required 3.4553*e5 ≈ 34500 cycles if load is P=10KN and 
initial crack length is 20mm. 
 
 
3  FEM analysis by means of the ABAQUS© code 
3.1 Static analysis 
In the PRE-PROCESSING activity of the FEM modeling the specimen geometries 
sketched. This is done by creating a “part” in which the 2D geometry is first drawn, 
elements are then defined, type deformable and shell’s shape. As the sketch is carried out 
by using various commands, like lines, auto trim, fillet etc. and result looks like in Fig 
3.8. 
 
Fig 3.8: Model of specimen created inside the part module of the ABAQUS 
 
Material for the sketched part then is selected directly from the “material” menu, and 
properties are inputted. In case of 4340 steel, it is elastic defined as having Young’s 
modulus equal to 210 GPa and Poisson’s ratio 0.29. Moreover to predict even the plastic 
behaviour curve σ-ε is given as in Fig 3.9. 
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Fig 3.9: Stress vs. strain curve of the AISI 4340 Steel [66] 
 
Once the material and its properties are defined. It can be defined by using the “sections” 
menu and selecting category “solid” and type “homogenous”. 
Sub-menu “instances” under “assembly” allows creating some independent parts. Since 
the model involves analysis of a crack, never defined until now, it can be defined in the 
sub-menu “engineering features” under “assembly”. Defining crack requires defining the 
crack contour, tip and propagation direction. In particular crack propagation direction is 
defined through q-vectors, i.e. by selecting the crack start and end point, respectively. As 
soon as these parameters are defined data in the dialog box are filled. It is even required 
specifying that analysis is being carried out for half-section of the model and singularity 
parameters. For static analysis with elastic fracture mechanics, in the second-order mesh 
options field, size is described by entering a value of 0.25 for the mid side node 
parameter, to move the mid side nodes to the quarter points. In the degenerate element 
control at crack Tip/Line field, option “Collapsed element side, single node” is entered. 
The type of analysis can be chosen from menu ”steps” and analysis type chosen is 
“general static”. 
To prepare the post-processing ABAQUS requires even “Field output requests” and 
“History output requests”, being sub-menus of (type of analysis). Field outputs as J-
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integral and Stress Intensity Factors were selected to perform the J-integral computation. 
Ten contours were required. 
Load is a concentrated force and can be created in ABAQUS in the “load” menu, by 
selecting the mechanical category and “concentrated force” in type of selected step. Two 
boundary conditions were defined in the “boundary condition-menu” concerning the 
displacement/rotation conditions at the two supports. 
Mesh assignment was done at the “Mesh part”, inside the circle around the crack, the 
“sweep technique” was chosen while the technique was preferred in the outer portion of 
the specimen. The plane strain assumption was selected inside the element options 
(CPE4R). Fig 3.10 shows the model after meshing. 
 
 
Fig 3.10: Meshed model of specimen  
 
Solution starts by opening a new job inside the selected “job” menu, computed results are 
then analyzed by selecting the “result menu” where the stress intensity factor and energy 
release rate are included.  
Fig 3.11 shows some results of the ABAQUS© code and stress distribution around the 
crack tip, it should be mentioned that, stress distribution in all cases inside the thesis is 
Von mises stress.  
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Fig 3.11: Stress distribution around the crack tip after analyzing in Abaqus 
Numerical results are obtained for the test case where these correspond to those computed 
by the analytical approach, as it shall be deeply described later in this thesis.  
 
3.2 Dynamic analysis 
When applied load is cyclic a dynamic analysis is required. Procedure looks similar to the 
static analysis, although some parameters have to be changed.  
Value of 0.5 for the mid-side node parameters is selected instead of 0.25 to keep the 
midside nodes at the midside points. and in the degenerate element control at crack tip 
field, “collapsed element side, duplicate node” is suggested. In the “step module”, 
dynamic and implicit is the type of analysis step and a proper time period and step 
interval time have to be defined. In the general dynamic analysis the loading is “cyclic 
impulse”. A tabular format is available in this menu to create the cycle for the specific 
time period.  
In static analysis, the axis which describes the value of time strictly depends on the law of 
increasing loading condition for bending imposed during the fracture test, inparticular 
absolute value of time, which are described inside the graph depends on the rate of the 
applied load which can be different, test by test. In case of dynamic analysis, this is 
related to the frequency of the cycles which simulate the fatigue condition, from this 
point of you, inside the analysis, time axis describes the sequence of loading condition 
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and related crack length applied during simulation, in this case the absolute values are 
more significant because they are related to the time history of the cycles applied. 
 
3.3 Preliminary numerical results of SIF and J-Integral 
After modeling the specimen inside the Abaqus code and running, results were collected 
and discussed. A first comparison between the set of results obtained through the FEM 
and those found by the analytical approach is proposed in Table 3.6. 
Table 3.6: Computation of SIF for several values of static load 
Load  
[KN] 
Analytical 
[MPa] 
FEM  
Plane stress [MPa] 
FEM 
Plane strain [MPa] 
 
Error 
10 17.75 17.35 17.35  
About 
2.2% 
15 26.625 26.03 26.03 
20 35.5 34.7 34.7 
 
Stress intensity factor for several values of static load were computed by the FEM code 
and compared to those obtained by the analytical approach. It can be observed that option 
about the plane state poorly changes the results and the different between those analytical 
and numerical approaches are quite small (2.2-2.3%).  To investigate the role of mesh 
refinement a dedicated activity was performed and results are shown in Table 3.7. 
Table 3.7: Stress intensity factor computed by FEM code with different number of 
elements according to mesh size 
Load case Number of elements Stress Intensity Factor (Plane stress) [MPa] 
10KN, Static 3970 17.12 
10KN, Static 8654 17.27 
10KN, Static 15230 17.35 
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It can be observed that approximation improves but with an increasing computational 
effort Figs 3.12 and 3.13 show the value of energy release rate and stress intensity factor 
during the static analysis. As it was expected energy release rate nonlinearly grown up 
with load while SIF linearly follows the increasingly values of load. 
Fig 3.12: Ene
Fig 3.13: Stress Intensity Factor as computed by Abaqus. 
The number of contours used to perform the analysis is greatly important to reach a good 
approximation. In particular, it is known that in case of plastic b
not independent on the contours seleced. 
 
 
rgy release rate as computed by Abaqus.
ehaviour the results are 
Figs 3.14 and 3.15 present the energy release 
75
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rate and stress intensity factors for different number of counters. First three contours 
show fairly different values, it’s due to the fact that they are too close to singularity.  
 
Fig 3.14: J-Integral vs. number of contours 
 
 
Fig 3.15: Stress intensity factor vs. number of contours 
As Figs show contour selected to perform the computation of J and SIF respectively has 
to be sufficiently for the crack tip to avoid any numerical problem of singularity, but then 
they are stable even when selected counters are more far from the tip. Cyclic load in 
dynamic analysis was considered, some results are collected, Table 3.8 shows the value 
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of stress intensity factor and energy release rate in two cyclic load conditions, 120 cycles 
per minute and 240 cycles per minute, i.e. for cycles with different geometry. The value 
of SIF in two conditions is so close and three numbers after dot is used to show the 
difference between these conditions. 
Table 3.8: J-integral and Stress Intensity Factor computed by Abaqus with cycles of 
different frequency 
Dynamic Analysis Stress Intensity 
factor [MPa] 
Energy Release rate 
[K/N] 
10 KN (120 cycles per min) 17.852 1376 
10 KN (240 cycles per min) 17.854 1377 
 
In this case, for given maximum load, SIF ∆K is very close to the theoretical value and a 
little bit higher than in static analysis for given mesh size. This is a consequence of 
selecting a large value in second-order mesh option, nevertheless values are compatible 
with the applied load. Following Figs present the graph of stress intensity factor and 
energy release rate during the time period under the cyclic load (120 cycle/min). 
 
Fig 3.16: Load amplitude factor vs. time for 120 cycles/min 
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The following Fig 3.17 presents the value of Stress Intensity Factor of steel in dynamic 
load (120 cycle per minute). 
 
Fig 3.17: Stress Intensity Factor vs. time  
The following Fig 3.18 presents the value of J-integral of steel in dynamic load (120 
cycle per minute). 
 
Fig 3.18: The J-integral values diagram during the time in 120 cycles 
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The following Fig 3.19 and 3.20 present the value of Stress Intensity Factor and J
diagram obtained from Abaqus results in dynamic load (240 cycle per min): 
Fig 3.19: The stress intensity factor values diagram in 240 cycles/min
Fig 3.20: The J
 
 
-integral values diagram in 240 cycles/min
79
 
-integral 
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3.4 Numerical investigation in mixed mode 
In the second part of the analyses of 4340 steel, the mixed mode B was selected to the 
complete this preliminary investigation. Specimen used for modeling activity is depicted 
in Fig 3.2. 
As Fig 3.21 shows distribution of stress is partly irregular and no were symmetric like it 
looked in mode A. Procedure follows in the numerical investigation was the same of 
previous case, but here load and crack location are different. 
 
 
Fig 3.21: Stress distribution around the crack tip in mode B 
The J integral and stress intensity factor in case of both mode II and I are described in 
Tables 3.9 and 3.10. 
Table 3.9: The J-integral for different contours and mixed mode analysis 
Contour 1 2 3 4 5 6 7 8 9 10 
J-Integral [N/m] 200 214.4 216 216.4 216.6 216.7 216.8 216.8 216.9 216.9 
 
Table 3.10: The KI and KII for different contours and mixed mode analysis 
Contour 1 2 3 4 5 6 7 8 9 10 
KI [MPa] 6.904 6.658 6.684 6.691 6.694 6.696 6.696 6.697 6.697 6.698 
KII [MPa] 1.958 2.034 2.042 2.045 2.046 2.046 2.046 2.046 2.046 2.046 
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Energy release rate and Stress intensity factor graph per contours are shown in 
and 3.23. 
 
Fig 3.22: The stress intensity factor values during the time.
 
Fig 3.23: The J
 
-integral values during the time. 
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Figs 3.22 
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According to the above tables of stress intensity factor KI could be set at 6.697*106 and 
KII at 2.046 and J integral to 216.8. 
Mixed mode C was finally evaluated, specimen is sketched in Fig 3.3 Numerical 
investigation was performed like in previous cases. Fig 3.24 describes the stress 
distribution inside the specimen, while Table 3.11 do for SIF and J-Integral. 
 
 
Fig 3.24: Stress distribution inside the model after analysis. 
 
Table 3.11: The J integral value in different contours for mixed mode analysis 
Contour 1 2 3 4 5 6 7 8 9 10 
J-Integral 
[N/m] 
25.99 28.05 28.28 28.34 28.37 28.38 28.39 28.39 28.4 28.41 
 
Table 3.12: The KI and KII and different integral contours of mixed mode analysis 
Contour 1 2 3 4 5 6 7 8 9 10 
KI [MPa] 1.7371 1.804 1.811 1.813 1.814 1.815 1.815 1.815 1.815 1.815 
KII[MPa] 1.7159 1.782 1.789 1.79 1.792 1.792 1.793 1.793 1.793 1.793 
 
As tables point out KI is about 1.18152 e6, and KII is 1.7936*106 the J integral is 28.4. 
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3.5 Discussion about numerical results 
• Summarized results for mode A, B, C 
Results collected in Tables 3.13 and 3.14 show that SIF and J integral in mode A are 
larger than of other modes, Although in mode B they are greater than mode C. Stress 
intensity factor is depending on the sample geometry, size and location of crack, and the 
magnitude and distribution of loads. Larger value of KI and J in mode A are due to the 
location of crack and loads, being leading to a stress distribution around the crack tip 
larger than in the other cases. 
 
Table 3.13: Stress intensity factor in three modes analyzed. 
Modes Stress Intensity Factor Values KI [MPa] 
Mode A 17.35 
Mode B 6.69 
Mode C 1.18 
 
Table 3.14: J-integral in three modes analyzed 
Modes J-Integral [N/m] 
Mode A 1383 
Mode B 216.8 
Mode C 28.4 
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• Comparison of stress distribution in the three modes analyzed
Fig 3.25: Stress distribution around the crack tip in mode A, B and C
 
Fig 3.25 points out that crack opening is fairly different in the three analyzed modes. 
Location of load, constraints and crack in stress concentration is larger 
in B and smaller in C. Therefore K tend to be bigger, intermediate and smaller in the 
sequence. 
 
 
 
 
 
     
(a) 
    
(b) 
      
(c) 
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in A, slightly less 
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• Analysis of numerical results and model validation
To validate the model developed inside the ABAQUS© code, the test case used by 
Kwiatkowski and Dębski [67] was used.  The Authors of that paper performed numerical 
calculation of the stress intensity factor and of the J
bending of SENB (single edge notched beam) composites samples with a matrix mad
two thermoplastics: PP and PA6 glass fiber. Numerical calculations were aimed at 
predicting the experimental behavior and at determining the conditions of crack process 
initiation of the composite material. Results were then verified by experiments. S
analyzed and tested is shown in sketch of Fig 3.26.
 
Fig 3.26: Sketch of the standard specimen SENB used as a test case by kwiatkowski and 
 
It can be remarked that the analyzed test case looks a like test more complicated than the 
characterized of the AISI 4340 steel because the SENB in composite material exhibits a 
non-isotropic behaviour because of the different mathematical properties along
orthogonal directions. Nevertheless it could be appreciated that a good agreement 
between the ABAQUS model here in developed and the test case could confirm the 
validity of the proposed numerical implementation. 
After modeling the specimen inside the
composite were inputted, analysis was performed for some values of the initial crack 
length. Numerical results of SIF were then compared to those obtained in. As Fig 3.27 
shows values of KI agree with the test
 
 
 
-Integral in case of the three point 
 
Dębski [67] 
 
 ABAQUS code and once those properties of this 
 case. 
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Fig 3.27: Comparison of 
Kwiatkowski 
 
• Sensitivity analysis upon fracture 
 
After a preliminary assessment of the numerical procedure in the Abaqus code, the tool 
was used to investigate the sensitivity of SIF and of J
the magnitude of load, the thickness of the structure and the crack length. In the case of 
the computation of the J
behavior of material were considered. Material used as a test case was the AISI 4340 
steel. 
A) Influence of the loading condition on the failure criteria 
Magnitude of applied load affects quite a lot
intensity factor of the proposed test case. The energy release rate of crack was evaluated 
by calculating the J-integral. As Fig 3.28 shows for increasing values of applied load the 
energy release rate nonlinearly grows up, but the assumption of elastic
involves a larger rate, in accordance with the literature [68].
It can be noticed that for the material tested difference is appreciable. Up to the critical 
 
KI of SENB component material between 
- Dębski and ABAQUS results  
 
-integral on some parameters like 
-integral, both the conditions of elastic and elastic
 
 the energy release rate and the stress 
 
86
 
 
 
-plastic 
-plastic behavior 
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value of load crack propagation is stable and difference between the two assumptions 
looks limited. Above the critical load (P
differences are more evident. For this material the influence of the plastic region around 
the tip tends to be relevant since the increment of localized energy is correspondingly 
quite high. Table 3.15 presents values of J
elastic and elastic-plastic conditions.
Table 3.15: Values of J
Loads [KN] 5 10 
J-Integral 
Elastic 
[N/m] 
 
332 
 
1330
J-Integral 
Elastic-Plastic 
[N/m] 
 
369 
 
1914
 
       
Fig 3.28: Computed value of J
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Fig 3.29. Stress Intensity Factor vs. applied load for specimen with thickness of 30 mm, 
crack length of 20 mm for the AISI 4340 steel 
 
Above numerical results are agreeing with the analytical computation of the S.I.F., under 
the assumption of elastic behavior. Fig 3.29 points out that relation between S.I.F. and 
applied load is almost linear, for the given configuration. 
Table 3.16 collects values of Stress Intensity Factor calculated for several load 
magnitudes in both elastic and elastic-plastic behaviors. 
 
Table 3.16: Values of SIF for different load magnitudes 
Loads 
[KN] 
 5 10 15 20 25 30 35 40 45 50 
S.I.F 
[MPa] 
8.67 17.35 26.02 34.7 43.37 52.05 60.72 69.4 78.07 86.75 
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Influence of load was analyzed by using the same model, but with different materials, to 
compare their performance. 
         
Fig 3.30. J-Integral vs. load for specimen with thickness of 30 mm, crack length of 20 
As far as Fig 3.28 and Fig
against the crack propagation fairly different if effect of pl
is motivated by the mechanical properties of the selected steel, whose mechanical 
strength is fairly high, but the behavior is ductile, with a large plastic effect in the stress 
vs. strain curve (Fig 3.10). A suitable pred
key issue of design of mechanical components made of this material. Moreover, in case 
of stress concentration and notches the steel AIAS 4340 offers a good recovery of the 
stress, thus increasing the potenti
B) Influence of the crack length on the failure criteria
Sensitivity upon the initial crack length was even analyzed. Some values of crack length 
were assumed to perform the numerical investigation through the com
integral first and the S.I.F. 
for some values of crack lengths in both elastic and elastic
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Fig 3.30 shows the case of the EH 36 steel.
mm, for the EH36 steel 
 
 3.30 show the analyzed steel AISI 4340 exhibits a behavior 
asticity is included. This result 
iction of the plastic region around the tip is a 
al life of the component against fatigue.
 
 
 Table 3.17 summarizes some values of J-integral in obtained 
-plastic conditions.
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Table 3.17: Values of J
Crack length (mm) 
J-Integral 
Elastic 
[N/m] 
J-Integral  
Elastic-Plastic 
[N/m] 
        
Fig 3.31: J-Integral vs. crack length for applied load of 10 KN, thickness of 30 mm and 
Table 3.18 presents values of Stress Intensity Factor for different crack lengths.
Table 3.18: Stress Intensity Factor for different crack lengths
Crack length [mm] 
S.I.F [MPa] 6.09
0
2000
4000
6000
8000
10000
12000
14000
16000
18000
20000
0
J-
IN
T
E
G
R
A
L
[N
/
m
]
 
-integral calculated for some crack lengths
5 10 15 20 25
 
158.7 
 
322.4 
 
687.8 
 
1330 2880
 
168 
 
364.2 
 
850.7 
 
1903 4742
 
AISI 4340 steel. 
 
5 10 15 20 25
 8.86 12.24 17.35 27.11
 
10 20 30
CRACK LENGTH [mm]
90
 
 
 30 
 
 
 
10984 
 
 
 
19717 
 
 
 
 30 
 49.71 
elastic
elastic-plastic
Modeling fracture mechanics in single layer of metallic material 
 
Fig 3.32: Stress Intensity Factor, for applied load of 10 KN, thickness of 30 mm and AISI 
In this case longer initial cracks induce an evident effect upon 
and energy release rate. It can be remarked that a discontinuity in both the diagrams of 
Fig 3.31 and 3.32 respectively is detected in correspondence of the critical condition, for 
the unstable propagation (P
length is increased for a given applied load, stress distribution around the crack tip 
increases as well as the S.I.F. and the energy release rate grows up. When critical value of 
load is reached, the J-Integral 
the curve slope is much more evident.
C) Influence of thickness on the failure criteria
Above investigation did not consider yet the variability of thickness of tested specimen, 
being a significant parameter in terms of bending of the structure, since it affects its 
transversal inertia and the crack propagation. Once again results were monito
of S.I.F. and energy release rate. Fig 3.33 describes the second parameter and shows a 
drastic reduction as the thickness of specimen is increased. This trend is mainly due to the 
increased cross section of structure link undergoes the same lo
thus reducing the stress concentration around the crack tip. It can be remarked that 
difference between the two assumptions of elastic and elastic
 
4340 steel  
  
the Stress Intensity Factor 
CR=28 KN). This result is motivated, by the facts that as crack 
and the Stress Intensity Factor show a magnified rate, i.e. 
 
 
ad in all the simulations, 
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red in terms 
-plastic behavior 
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respectively disappears above a value of thickness, which is lowe
This result is compatible with the assumptions of plane stress or strain, usually proposed 
for different aspect ratios of the geometry of the specimen. Table 3.
J-integral computed for different thickness of spe
plastic conditions). 
Table 3.19
Thickness 
(mm) 
5 
J-Integral 
Elastic 
[N/m] 
 
47822 
J-Integral 
Elastic-Plastic 
[N/m] 
 
86719 
 
        
Fig 3.33: J-Integral vs. thickness of specimens for applied load of 10 KN, crack length of 
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Table 3.20 shows values of Stress Intensity Factor for several thicknesses of specimens. 
 
Table 3.20: Stress Intensity Factor in different thickness 
Thickness (mm) 5 10 20 30 40 50 
S.I.F [MPa] 104.11 52.05 26.02 17.35 13.01 10.41 
 
 
Fig 3.34: Stress Intensity Factor, for applied load of 10 KN, crack length of 20 mm and 
AISI 4340 steel 
 
S.I.F evenly follows the trend of the J-Integral and inversely depends on the thickness of 
specimen, for given loading condition.  
All the numerical investigations above described motivate some typical peculiarities of 
the AISI 4340 steel, as the very good balance of strength, toughness and wear resistance, 
being suitable for several industrial applications like heavy-duty axles, shafts, gears and 
spindles or bolts, torsion bars and connecting rods. 
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3.5 Crack propagation in Single and mixed mode  
Crack propagation in steel AISI 4340 for three conditions of failure modes were analyzed 
(single and mixed mode) is analyzed. This numerical investigation was performed by 
section of the XFEM available inside the ABAQUS code and the related procedure was 
assumed and tested. 
In the “part module” of ABAQUS a first task is modeling the specimen geometry, as it is 
then it is possible drawing and locating the crack by defining the section and the initial 
geometry.  Even inputs in the “property module”, have to be updated. In addition to the 
Young modulus, Poisson ratio of steel material, for crack propagation it is required the 
maximum principal stress and fraction energy. For this kind of steel, it was assumed 745 
MPa for maximum principal stress and to compute the fracture energy, the fracture 
toughness of AISI 4340 steel is used. It should mention that, it is not necessary to assign 
any property for the crack. The crack and specimens volume are merged as separated 
parts inside the  “dependent module”. 
The crack is created by ABAQUS through the “ interaction module” where the XFEM 
method is used to model the propagation inside the specimen.  Dynamic implicit solution 
is then used to analysis the model, by selecting the NGlom, on option. Steps for 
calculation are kept small. Total time and step time are even assigned. Before applying 
load and boundary conditions a refinement of mesh can be performed and the analysis is 
run. The ABAQUS code makes avaiable several results as the crack growth maps, crack 
angles and crack propagation speed, being firstly described. 
Crack Growth Map  
Crack growth direction and stress distribution along the crack tip can be seen in the maps 
and crack propagation attitude can be analyzed deeply in these maps. 
Crack Propagation Angle  
Once the crack has started, direction along which it propagates is a issue of failure 
prevention. Unfortunately, no reference solution exists since, as already stated, 
simulations in which the convergence is achieved are those where just a single element 
has been cracked. One single element cracked has been thought to do not provide any 
valuable information about the actual direction of crack propagation. Thus, in this 
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section, results are provided in terms of real angles. In order to uniquely identify the 
crack growth direction. 
Crack Propagation Speed 
Along with the crack propagation direction, the second relevant parameter of crack 
growth is speed. Evaluation of such parameter has been studied for the three modes. 
Crack growth is analyzed by the integration the model equations in the time domain.  
 
A) Crack Propagation in case of Single mode– MODE A 
FEM model of MODE A specimen is introduced the crack fracture as shows in Fig 3.35. 
 
 
Fig 3.35: The crack growth propagation map in mode A 
 
 
Fig 3.36: The stress distribution when crack growth in mode A 
 
The XFEM approach allows propagating the crack across the specimen as the load 
increases, in mode A the crack is propagating along a straight line along from the tip and 
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stress distribution around the crack tip is symmetric as in Fig 3.36. From previous section 
it is known that a higher Stress Intensity Factor is found in this mode. 
 
 
Fig 3.37: Crack length vs. time for mode A 
 
Fig 3.37 shows the crack length vs. time for mode A. Crack propagation has a moderate 
increase in the time; at least propagation is stalk and controlled. 
B) Crack Propagation in case of Single mode– MODE B 
Mode B is conceived to induce a mixed mode propagation of crack as it can be 
approximated in Fig 3.38. 
 
Fig 3.38: Crack growth propagation map in Mode B. 
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Fig 3.39: The stress distribution when crack growth in mode B 
 
Crack propagation skewed of a 30-degree angle at tip, because of the location of initial 
crack, loads and constraints. Stress distribution around the crack tip is no more symmetric 
like it was in mode A although is here lower in magnitude. 
 
 
Fig 3.40: Crack length vs. time for Mode B 
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Fig 3.40 shows how is affected by the mode II and I. Crack propagation exhibits a sharp 
increase in the beginning then a controlled and stable propagation, up to a critical 
threshold at which it becomes instable.  
C) Crack Propagation in case of Single mode– MODE C 
As it was described in section1, 2 Mode C is characterized by a couple of action applied 
at different distance from the crack and even by the constraints are no more at the two 
ends of specimen. These conditions make the crack propagation mode mixed of II and I. 
 
 
Fig 3.41: Crack growth propagation map in Mode C 
 
 
Fig 3.42: Stress distribution of crack growth in Mode C 
 
As Fig 3.41 shows, direction of crack propagation is skewed of 45 degrees from the crack 
tip, therefore effect of mode II seems larger than in Mode B. Stress around the crack tip, 
is lower than in modes A and B and values of Stress Intensity Factor and energy release 
rate are also the lowest ones here among the three different cases. 
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Fig 3.43: Crack length vs. time for Mode C 
 
As in mode B even in this case propagation shows three regions, A first short trend 
presents a fast propagation at the beginning, then propagation become fairly slows up to a 
critical condition at which if finally becomes uncontrollable.  
3.6 Discussion about crack propagation in mode A, B, C 
Fig 3.45 summarizes the dependence of angle of crack propagation upon the failure mode 
analyzed. Element size at crack tip is even considered as sensitive parameters of the 
numerical method. Mode A shows a straight propagation along the Y-axis, while Mode B 
exhibits a deviation 30° which increases up to 45° in case of Mode C. 
Unfortunately when the propagation is deviated, identifying the actual angle is rather 
difficult become a certain dependence work and the mesh refinement is shown, especially 
when angle is greater. 
The analysis done in case of pure metal structure in both static and dynamic for different 
number of cycles was very useful to assures the protocol of fracture mechanics within the 
ABAQUS code and to apply in next chapters to the smart structure. The sensitivity 
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analysis shows that value of J
length are higher, while they decrease as thickness of specimen is larger. The J
allows a more effective prediction since it includes even the plastic behaviour of material. 
Crack propagation is very suitable upon the fracture mode in terms of speed and angle of 
propagation. Refinement of FEM mode is a crucial detail for this kind of analysis.
Element size in FEM is obviously very important for an effective prediction of stresses or 
strains inside the structure, in this case it is remarked that 
affected by the mesh refinement.
 
Fig 3.45: Direction of crack propagation in different modes A, B and C
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CHAPTER 4 
 
VALIDATION OF THE NUMERICAL PROTOCOL 
DEVELOPED IN ABAQUS FOR FRACTURE OF WELDED 
JOINTS 
 
 
 
 
 
1  Motivation  
Previous chapters described how some classical approaches developed in the literature for 
fracture mechanics can be effectively implemented into the ABAQUS code by resorting 
to the latest improvements introduced in some recent version of the code. At this point of 
the thesis a validation of the proposed numerical tool looked strictly required to assure an 
effective application to the unexplored field of fracture of piezoceramic materials. It was 
performed thanks to the collaboration between the Politecnico di Torino and the EPF 
School of Engineering in Sceaux, France, and its international partner in research activity 
such as Prof. Tom Lassen’s laboratory in Norway. The field of application was the 
prediction of crack propagation in welded joints, particularly for offshore engineering. 
Therefore in this chapter a short description of the application is introduced before 
discussing the benchmarking operated among the ABAQUS and other FEM codes are the 
validation performed directly upon several experimental results. 
Welding joints two or more metallic components by means of used metal (welding rod) 
into a fillet between the components or by raising the temperature of their surfaces or 
edges to the fusion temperature and applying pressure (flash welding). 
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Three are most the common types of welded joints [69]: butt, corner and T (Fillet), being 
shown in Fig 4.1. Each type provides specific function in product engineering. 
Butt Joints are commonly used for pressure vessels, piping, tanks and other applications, 
which require a smooth weld face. Butt joints extend the length or width of a part by 
connecting the edges of two pieces of material in the same plane. 
T-Joints consist of two pieces of material connected to form a “T” shape. They require a 
fillet weld and are common in many fabrication and construction applications, including 
structural steel, piping systems, and equipment fabrication. 
Corner Joint consists of two pieces of material joined at their edges to form an “L” 
shape.  
 
Fig 4.1: Types of welded joints and welds used in electro slag welding: (a) butt joint, (b) 
T-joint, (c) corner joint; (1) butt weld, (2) fillet weld, (3) weld for corner joint [70] 
 
There are many welding processes, which are briefly described here: 
• Oxyacetylene welding (gas welding): combustion of a gas is used as thermal source; 
the most common gas used is the acetylene. It is extremely versatile and affordable. 
Oxy-acetylene welding is simple in concept - two pieces of metal are brought 
together, and the flame with or without the addition of filler rod melts the touching 
edges.  
 
• MIG and MAG welding: heat for welding is produced by forming an arc between a 
consumable metal electrode and the work piece. Electrode melts to form the weld. 
The main difference is that the metal electrode is a small diameter wire fed from a 
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spool, and a shielding gas is fed through the torch. As the wire is continuously fed, 
the manual process is sometimes referred to as semi-automatic welding.  
 
• Submerged arc welding (SAW): Similar to MIG welding, SAW involves formation of 
an arc between a continuously fed bare wire electrode and the work piece. Process 
uses a flux to generate protective gasses and slag, and to add alloying elements to the 
weld pool. A shielding gas is not required. 
 
• Electric arc: it is the most used in manual welding. The base metal and an electrode 
made a circuit electrical energy are released at the electrode tip where the operator 
can weld.  
 
• TIG welding: Tungsten Inert Gas (TIG) welding is the process of blending together 
reactive metals, such as magnesium and aluminum. During the welding process, an 
arc is formed between a pointed tungsten electrode and the area to be welded (it is not 
consumable). 
 
• Resistance welding−point welding: heat is given by the Joule’s effect through the 
current following between the electrodes and pieces to be joint under pressure effect. 
Welding is given by a localized melting of metal between the two pieces. It is really 
used in a lot of industrial and automatized applications. 
 
• Laser welding, Arc plasma welding, Electronic beam welding: heat generated by a 
laser in case of laser welding, or by gas in plasma state in arc plasma welding or an 
electron beam in the electron beam welding, the filling material is welded and the 
joint components are connected. To give rough impression of those processes Fig 4.2 
is proposed. 
 
Fatigue life prediction of welded joints is very complex, costly and time consuming. 
Welding process naturally might introduce some crack inside the joint, therefore an 
effective prediction of crack propagation in this case is even more important than analysis 
of damage nucleation. Computation of Stress Intensity Factor (SIF) range, ∆K, is 
therefore a key issue of design. 
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Fig 4.2: Impression of some industrial applications used in welding processes [72]
Non-destructive testing techniques usually are applied to measure the existing cracks 
inside the welded joint. Design activity needs an effective prediction of time to failure 
and crack growth histories leading to the failure [71]. 
 
 
 
104 
 
 
 
Validation of the numerical protocol in ABAQUS for fracture of welded joints 
 
105 
 
This estimation can be compared to the planned service life and plan the maintenance 
activity. This activity can allow a scheduling of inspections and making more efficient 
and cheaper the maintenance operation.  
 
 
2 EXPERIMENTS ON WELDED JOINTS 
 
A preliminary experimental activity was performed by Prof Tom Lassen, at Norwegian 
University of Science and Technology. Description of tests was deeply performed by Mr. 
M. Fraldi in his M.Sc.D thesis [72]. 
Metallurgical properties of welded joint are resumed in Table 4.1 [73]. 
 
 
Table 4. 1: Chemical composition of the steel used in welded joint [72] 
Element C Si Mn P S Cu Ni Cr Mo Nb 
% 0.08 0.15 1.40 0.006 0.002 0.01 0.02 0.02 0.01 0.008 
 
 
Yielding strength of this material is 416 MPa while tensile strength is up to 500 MPa. 
Hardness has been investigated in many points resumed in Table 4.2. “Base” refers the 
two base materials; “weld” is associated to the welded toe, “HAZ” (Heat affected zone) 
indicating several cross sections at different distance from nearest to welded toe.  
 
 
Table 4. 2: Brinnel hardness of the tested welded joint [72] 
ZONE Base 
1 
Base 
2 
Weld 
1 
Weld 
2 
HAZ 
1 
HAZ 
2 
HAZ 
3 
HAZ 
4 
HARDNESS 
(HB) 
142 147 175 178 213 181 173 165 
 
 
Tests have been made on a cruciform welded joint structural in Fig 4.3. Plate has been cut 
by flame and welded; furthermore has been made a thermal relieving at 570 °C for one 
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hour. Steel is a typical material used in construction of off shore North Sea platforms, 
being characterized by, a low carbon and accelerated cooling. These steels are also used 
in artic building and in nuclear domain. 
 
 
Fig 4. 3: Test specimen of welded joint [mm]. 
 
Several specimens were built up even to investigate the component life for some welding 
processes used in those applications as: 
 
• Saw; 
• Fcaw (Flux-cored arc welding); 
• Smaw (Shielded metal arc welding) 57 and 76. 
 
Saw, Fcaw and Smaw are all techniques of electric arc welding. Difference among those 
methods is use of flux in the Fcaw and of stick in Smaw. Measurement methodology used 
in experimental activity is the so-called “Alternating Crack Potential Drop” (ACPD); 
Alternate current potential drop (ACPD) is measured at surface of the conductive plate 
and used to determine, by a non-destructive approach, some parameters such as thickness 
of plate, electrical conductivity and linear effective magnetic permeability. To relate the 
measured potential drop to values of those parameters, a model is needed. Closed form 
analytical expressions are derived for the ACPD measured between the two voltage 
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electrodes of a four-point probe. Alternate current is injected and extracted by two current 
electrodes. In this procedure allows measuring and the growing dimension of crack, c
by cycle. Experimental setup is depicted in 
 
 
Some electrodes (1) are made in contact with the conductive surface of welded joint, 
some works as a sensor and other as an actuator to inject the current. 
are applied by the testing machine and load is imposed and monitored by the load cell (3). 
Loading condition can be regulated by a controller (4). Measurement of displacement is 
done by the micro gauge (5). Switch unit (6)regulates forc
cell” [74]. 
This architecture allows controlling step by step the crack propagation and applied load.
 
• Magnitude of tensile axial stress is about 150 MPa;
• Stress ratio of 0,5 (Stress ratio: 
cycle of loading in a fatigue test)
• Frequency of applied load is 8 Hz;
• Strain gauges are disposed at 10 mm from the welded toe;
• Frequency of AC current is 6 kHz;
• Other environmental variables are set at normal laboratory conditions.
 
Fig 4.4: 
Fig 4. 4: Experimental set-up [74]  
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As relevant result of test is the monitored evolution of crack length versus the cycle’s 
number as shown in Fig 4.5. Specimens used were 44 and for each one a number of 60 to 
300 measures of crack length were performed.
Fig 4. 5: Experimental results: crack length as function of cycle’s number.
Fig 4.5 shows several curves, which differ for the amplitude of applied load. Each curve 
includes a number of points, each one being corresponding to a crack measurement 
performed. 
 
3 Numerical prediction of experimental behaviour
Model of the welded joint tested was developed in the ABAQUS code and all the 
required inputs were provided to calculate the Stress Intensity Factor for different length 
of crack. Some discrete values of init
mm. After simulation performed by ABAQUS, the EXCEL program was used to draw 
the diagram of Stress Intensity Factor versus Crack length and an interpolation was 
performed inside the Excel to obtain the v
The MATLAB code was then used to extract numerical data from the Excel files and to 
 
 
ial crack length were used as 3, 5, 7, 10, 12 and 15 
alue of K, for different values of crack length. 
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draw all the diagrams related to this analysis such as the Paris’ law, life prediction and 
those is shown in this section. 
A) Modeling inside ABAQUS 
Welded joint used as specimen was drawn inside the “part module”, two dimensions were 
sufficient to explore the crack propagation, and only half of the whole specimen was 
modeled since symmetry along the y-axis was imposed. Properties of the steel were 
inputted as E=210 GPa (Young’s modulus) and Poisson’s ratio is ν=0.3.  
For each value of initial crack lengths crack geometries direction and length were set up. 
A suitable mesh size and distribution was imposed after some preliminary attempts, to 
assure the required accuracy in results. Some details of selected mesh are described in Fig 
4.6. Actually up to 20351 elements and 20814 nodes were used. 
 
 
                   
Fig 4.6: Mesh details in the ABAQUS model performed of the tested welded joint. 
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Table 4.3 shows values of Stress Intensity Factor completed by ABAQUS for the list of 
crack length above mentioned
 
Table 4.3: SIF computed by ABAQUS code
Crack Length [m]
Fig 4.7: Interpolation of stress intensity factor value in excel
Interpolation function in Excel program allowed describing the SIF directly as function of 
crack length. Dynamic analysis was performed by computing the 
crack length as is described in Fig 4.8. Each set of result with different colors is related to 
different welded technique.
 
 
 K [MPa√&] 
0 6.26 
0.003 21.05 
0.005 28.05 
0.007 36.90 
0.01 56.15 
0.012 75.71 
0.015 125.59 
 
 
∆K function vs. the 
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Fig 4. 8: Stress intensity factor for different crack lengths
Trend of SIF is either shown in case of a single case as described in Fig 4.9.
interesting to remark that these analyses show that behaviour is quiet different in case of 
very short crack length as the curve shows. It can be appreciated that trend is fairly 
different in the first part up to 0.0004 m, in comparison to the next part of the curve; these 
effect is a goal of some research activity
Fig 4. 9: Stress intensity factor value with Matlab code.
 [29]. 
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Crack propagation is described in diagrams like Fig 4.10 in which relation between da/dN 
and ∆k is plotted. As it was deeply discussed above this relation can be predicted by the 
Paris’ low and its recent elaboration. The Fig 4.10 all the tests were repurposed the 
interpolation rather difficult. Each case could be separated and represented as a 
standalone test.  
Fig 4. 10: Logarithmic plot of K as a in function of da/dN
From the previous analysis tota
could be found easily as in Fig 4.11.
Fig 4. 11: Crack propagation in terms of number of cycles vs crack length
l number of cycles applied to a crack length of 15 mm 
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4 Model validation
Once that fracture analysis was performed by the ABAQUS code and outp
elaborated by means of EXCEL and MATLAB codes, life prediction of this tested 
welded joint was finally presented. To validate the numerical results of ABAQUS 
perfectly, relation between number of cycles and crack length was analyzed and 
compared between numerical and experimental procedure, respectively.
  
Fig 4.12: Number of cycle vs. crack length in experimental results (a) and 
 
 
(a) 
(b) 
numerical results (b) 
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As Fig 4.12 shows numerical prediction of specimen life agrees fairly well with 
experimental results, provided that material parameters are accurately set up.  
This is the crucial issue of this modeling technique, because material properties were 
deeply analyzed in laboratory, while sometimes in real affliction it looks rather difficult 
having a precise characterization of the material.  
As a result of this validation it can be remarked that computation of J-Integral is fast and 
automatable, by modeling the specimen inside the software and even complicated 
geometries can be easily analyzed by means of this approach. Accurate results are assured 
by a suitable selection of Mesh size and refinement. Moreover a good agreement between 
numerical prediction and experimental activity was found because of the precise 
characterization of material, which is not always available in practice.  
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CHAPTER 5 
 
FRACTURE ANALYSIS OF PASSIVELY COUPLED 
COMPOSITE MATERIALS 
 
 
 
 
 
1 Description of the composite specimen: ceramic and metallic 
materials  
In this part of the thesis the fracture mechanic is studied in case of a composite structure, 
equipped with two layers of different material. Many practical cases concern a bounding 
between metal and ceramic, without functional capabilities. A sort of mechanical 
coupling is created and interface is present between layers. Moreover material properties, 
the crack growth direction and the speed of propagation are quite different, therefore 
investigation is particularly remarkable when crack is passing through the interface. In 
this thesis a simple case was analyzed by assuming that a layer of AlN ceramic is 
perfectly bounded upon the AISI 4340 steel.  
New specimen is depicted in Fig 5.1. It is worthy noticing that ceramic does not exhibit 
any functional capability, therefore coupling is inactive as simply passive, while in case 
of piezoceramic it could be even active if some electrical boundary condition is applied.  
A basic assumption in the following analysis is that field of displacement is complete 
coherent and there is no possibility of delamination, this could be  a focus of study.
Fracture analysis of passively coupled composite materials 
 
 
Fig 5.1: Sketch of composite ceramic
Procedure followed to this 
structure with one layer only, but in the “property module”, properties of two materials 
were defined separately and section was assigned for each of them. Properties of steel are 
the same of previous investigation and while this ceramic material exhibits a maximum 
principal stress of 330 MPa and fracture toughness of 2.4 MPa. The Young’s modulus of 
AlN is 330 GPa while the Poisson’s ratio is 0.24 [75]. Numerical simulation even in this 
case was aimed at computing the stress distribution around crack tip, crack propagation 
speed and direction, respectively.
 
2 Numerical analysis 
A) Composite specimen 
Fig 5.2 describes the composite specimen and loading and boundary conditions. Upper 
layer is made of steel and lower one is ceramic.
This arrangement was assumed to simulate the case in which the covering layer of 
ceramic material is damaged and to investigate whether and how crack can propagate 
through the main metallic structure.
 
-steel specimen
 
specimen model inside the ABAQUS code is the same of the 
 
 
– Mode A 
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Fig 5.2: Th
Maps provided by the ABAQUS code show the crack growth direction. Crack passes 
from the ceramic to steel layer where applied force is 25 KN. Direction of crack does not 
change even when it passes through the interfa
Stress distribution at the end of propagation looks like in Fig 5.3. Concentration is greater 
all along the crack edges. 
 
Fig 5.3: Stress distribution inside the composite material when crack growth in mode A.
Crack propagation expressed as a function of time in Fig 5.4 shows clearly two trends. A 
very high slope at the begining of propagation is shown and corresponds to inside the 
ceramic layer. This trend is due to lower stiffness of AlN, as soon as crcak passes to steel 
layer, crack growth proceeds slower with a moderate slope and it does n’t become 
unstable.  
 
e sketch of composite in single mode A 
 
ce between materials.  
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Fig 
B) Composite specimen 
As Fig 5.5 shows even for mode B specimen is similar to those of tests performed on a 
single layer. Steel is upper and ceramic is lower.
 
Fig 5.5: Sketch of specimen in composite material for mixed mode B tests
 
5.4: Crack length versus time for mode A  
 
– Mode B 
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In this case a relevant result is for load of 45 KN. Crack propagation exhibits when it 
goes inside the ceramic layer and it goes
stress distribution after propagation and its clear that when the crack goes inside the steel 
the stress is more than inside ceramic. A sudden change of direction is detected of 
interface between the two mate
Fig 5.6: Stress distribution when crack growth in mode B
Once again in diagram showing the crack length vs. Time, speed of crack propagation in 
ceramic is very fast in comparison to propagation across the steel layer. A considerable 
slope in the first part of this graph, while after crossing the interface propagation is 
slower, inside the steel layer. 
Fig 
 
 into the steel structure. As Fig 5.6 shows the 
rials. 
 
 
5.7: Crack length versus time for Mode B 
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C) Composite specimen 
Specimen used for testing in case of mode C is sketched in Fig 5.8 b
boundary conditions. Like in previous composite cases steel is upper and ceramic lower.
 
Fig 5.8: Sketch of composite for mixed Mode C
Results (Fig 5.9) show that under load of 140 KN angle of propagation is almost 45° in 
the ceramic layer. When cracks reach the steel layer, it doesn’t immediately from the 
ceramic layer. A horizontal propagation at first occurs like in a sort of delaminat
it continues through the steel layer. 
 
Fig 5.9: Stress distribution when crack growth in Mode C
In this case the most interesting result is the path followed by crack in propagation, while 
the change in speed propagation is similar to tha
almost stop condition was detected when crack cross the inteface between materials.
 
– Mode C 
y including loads and 
 
 
 
    
 
t of other cases. Although a sort of 
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Fig 5.10: Crack length versus time for Mode C
 
3 Limits and problems of the numerical tool
Main goal of this research activity is the
active structures composite, although until now only passive structure were analyzed, i.e. 
materials do not exhibit functional capabilities like piezoceramic does. 
In case of active materials some problem
ABAQUS software was used. It is not able to connect the electro
and the analysis of materials to the fracture analysis. A multi
prediction of static and dynamic behavior
connected to a voltage generator. Another efficient module allows prediction of fracture 
mechanics and the crack propagation, stress intensity factor and J
association with the multi-
Connecting the two modules for a complete multi
piezoceramics is a main focus of next chapters. 
 
 
 
 analysis of fracture mechanics inside passive and 
s and limitations were found, when the 
-mechanical properties 
-physics module allows the 
s of piezoelectric material, even when it is 
-integral but never in 
physics analysis. 
-physics analysis of fracture inside 
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CHAPTER 6 
 
OVERVIEW OF PROPERTIES AND FUNCTIONS OF 
PIEZOELECTRIC MATERIALS 
 
 
 
 
 
1 Introduction 
Piezoelectric materials are used to convert electrical into mechanical energy and vice 
versa. This technology has enabled a wide variety of commercially successful sensors, 
actuators and energy harvesters. They belong various classes of materials such as: single 
crystal materials, piezo-ceramics, piezo-polymers, piezo-composites, and piezo-films 
[76]. 
 
A) Single crystal 
Single crystal is a regularly arranged material, includes some minute particles exhibit a 
regular structure. They are different from ceramics, being an assembly of irregularly 
distributed particles. Some examples of single crystal piezoelectric material are silicone 
crystals, being used as a semiconductor substrate material, gallium-arsenic crystals, being 
used as a LED substrate material, and quartz crystals. 
These materials are often used for frequency stabilized oscillators and surface acoustic 
devices applications [76]. Single crystals exhibit five times the strain energy density of 
conventional piezoceramics. Thus, unlike piezoceramic actuators, which employ some 
strain magnification schemes, single crystal actuators can deliver higher strain without 
generative force.  
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B) Piezo-ceramics 
Many applications of piezoelectricity are based on polycrystalline ceramics instead of 
natural piezoelectric crystals. Piezoelectric ceramics are more versatile since their 
physical, chemical, and piezoelectric properties can be tailored to specific applications. 
Piezo-ceramics have a wide range of applications. Piezo-ceramics are used in the 
automotive industry in a number of devices such as in knock and oil level sensors or as 
actuators for precise control of injection processes in engines. In medical technology 
piezo-ceramic components can be found in lithotripters, devices for plaque removal and 
in inhalers. Common applications in mechanical engineering include ultrasonic cleaning, 
ultrasonic welding and active vibration damping and control. The piezoelectric properties 
of the perovskite-structured materials can be easily tailored for applications by 
incorporating various cautions in the perovskite structure [76]. Most of the piezoelectric 
ceramics have structure of the perovskite. Lead Zirconate Titanate (PZT), Barium 
Titanate (BaTiO3) and Lead Titanate (PbTiO3) are the most popular piezoelectric 
ceramic materials. 
 
C) Piezo-polymers 
A polymeric film that has the ability to reversibly convert heat and pressure to electricity 
is known as pyroelectric and piezoelectric respectively. Polymers like polypropylene, 
polystyrene, poly (methyl methacrylate), vinyl acetate, and odd number nylons are known 
to possess piezoelectric properties. However, strong piezoelectric effects have been 
observed only in polyvinylidene fluoride (PVDF). These materials are mostly used for 
directional microphones and ultrasonic hydrophones applications [76]. PDVF is used 
even for distributed sensors (strain, vibration). 
 
D) Piezo-composites 
A piezoelectric composite material is fabricated by interleaving a cut or preshaped 
piezoceramic with a passive polymer or epoxy host matrix compound. These materials 
have many advantages including high coupling factors, low acoustic impedance, 
mechanical flexibility and a broad bandwidth in combination with low mechanical quality 
factor. They are especially useful for underwater sonar and medical diagnostic ultrasonic 
transducers [76]. 
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E) Piezo-films 
Basically this class includes zinc oxide (ZnO) and aluminum nitride (AlN), being simp
binary compounds that have Wurtzite type structure, which can sputter
axis oriented thin film on variety of substrates. ZnO has moderate piezoelectric coupling 
and its thin films are widely used in bulk acoustic and SAW (Surface Acousti
devices [76]. 
 
 
2 Piezoelectric phenomenon
  
Piezoelectric direct and converse effect 
Certain single crystal materials: when mechanically strained, or deformed by external 
loads exhibit a distribution of electric charges on crystal surfaces. Moreover when 
direction of strain reverses, polarity of electric charges is reversed too. This 
called “direct piezoelectric
as “piezoelectric crystals”.
 
 
Fig
By converse, when a piezoelectric crystal is placed in to an electric field, or charges are 
applied to its faces, crystal exhibits a mechanical strain, i.e. dimensions of the crystal 
change, either leading to an elongation or a compression depending on the
 
 
 
 effect” and crystals that exhibit this phenomenon are classed 
 (Fig 6.1) 
 6.1 Direct piezoelectric effect [77] 
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le 
-deposited in a c-
c Wave) 
is the so-
 
 polarization of 
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the solid. When direction of the applied electric field is reversed, even strain is reversed. 
This is the so-called “converse piezoelectric effect
 
 
Fig
 
 
Piezoelectric coefficient 
Several piezoelectric coefficients are used in the literature to describe this phenomenon 
(dij, gij, Sij, kij, and eij) and will be discussed in this section. These coefficients allow 
measuring the performance of the piezoelectric coupling and energy conve
 
A) Piezoelectric charge Constant (d
The “piezoelectric charge or strain constant”, d
induced in response to a mechanical stress, or the achievable mechanical strain when an 
electric field is applied for a stress constant.
 
B) Piezoelectric voltage constant (g
The piezoelectric “voltage constant”, g defines the ratio of the electric field strength E to 
the effective mechanical stress T. 
 
E7¯ =gij    
where ε is the dielectric permittivity. 
 
 
”. (Fig 6.2) 
 6.2 Converse piezoelectric effect [77] 
ij)  
ij is a measure of the elastic charge 
 
ij)  
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rsion [78]. 
 (6.1) 
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C) Elastic Compliance (Sij)  
The elastic constant or compliance is a measure of the ratio of the relative deformation to 
the mechanical stress. Because it depends on the interaction of mechanical and electrical 
energy, the electrical boundary conditions must be taken into consideration.  
 
D) Dielectric Coefficient (ij)  
The permittivity or relative dielectric constant is a measure of the polarizability of 
material. The directionary of the permittivity is expressed by tensor components, whereby 
the same component indexes are used as for the electric field and dielectric displacement. 
 
E) Piezoelectric Coupling Coefficient (kij)  
The coupling factor k is a measure of the effectiveness of the piezoelectric effect. It 
describes the ability of a piezoelectric material to transform electrical energy into 
mechanical energy and vise versa. Mathematically, the size of the coupling factor is 
determined by the square root of the ratio stored mechanical energy to the total energy 
applied. 
 
Di = dmiσj +	ikEk         (6.2) 
 
εi = Sijσj + dmiEm         (6.3) 
 
where Di refrers to electrical polarization, Ek is vector of apllied electric field and the 
indexes i, j = 1, 2, . . . ,6 and m, k = 1, 2, 3 refer to different directions within the material 
coordinate system. 
 
 
3 Material Applications of Piezoelectric 
 
Applications of the piezoelectric materials are in many fields. Lead Zirconate Titanate 
(PZT) ceramics, which was discovered on 1954 is the material dominating in this field 
until today [78]. Nevertheless many piezoelectric devices are currently used as Table 6.1 
shown [79, 80]. 
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Table 6.1 Applications of piezoelectric materials 
Technology Application 
 
 
Piezo devices 
Emitter and receiver for sonar applications  
Flow & distance measurement 
Non Destructive Testing 
Ultrasonic cleaning 
Ultrasonic welding 
 
Piezo  
actuators 
Micro- & nano positioning 
Vibration & noise control 
Valves & pumps 
Optics and photonics 
Ultrasonic motors 
Instrumentation 
 
Piezo  
sensors 
Vibration and shock measurement 
Pressure and force measurement 
Flow and distance measurement 
Sound and noise measurement 
 
Piezo generators 
Energy source for munitions 
Energy source for wireless sensors, e.g. in tyres 
Energy source for lightning switches 
Gas igniters  
 
Piezo transducers 
Communication devices 
Sonars 
Ultrasonic welding 
Ultrasonic cleaning 
 
Energy harvester 
Vibration harvesters in configuration of bimorph 
benders 
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3.1 LEAD ZIRCONATE TITANATE (PZT)
Lead Zirconate Titanate is an 
Pb [ZrxTi1-x]O3 (0≤x≤1), this ceramics consolidates an excellent piezoelectric material
position, PZT ceramics are commercially the most 
superior properties and also because of the ability of tailoring their properties. They are 
known to be simultaneously ferroelectric
Mechanical properties of PZT ceramics are of considerab
transducers and other piezoelectric devices.
SOFT and HARD piezoceramic. Words "soft" and "hard" refer to mobility of the dipoles 
or domains and hence also to the polarization and 
PZT's generally differ in their piezoelectric constants. 
of PZT. 
 
Fig 6.3 SEM images of PZT ceramics at different temperatures: (a) 900
1000
 
 
inorganic compound with the 
important materials because of their 
–ferroeleastic materials [82].  
le importance in the design of 
 They are conventionally distinguished in 
depolarization behaviors.
Figs 6.2 and 6.3 show the structure 
Fig 6.2 Structure of PZT [83] 
˚
C
, (d) 1050˚C, (e) 1100˚C, (f) 1150˚C [84] 
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chemical formula                    
 
 Hard and soft 
 
 
˚
C
, (b) 950˚C, (c) 
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Characteristics of PZT: 
• Wide range of frequencies in transmitting and receive (sub-audible, audible, 
ultrasonic) 
• High output, low drive material 
• High frequency, fast response time 
• High sensitivity for active or passive use 
• Ability to use with low voltage or high voltage drive circuits 
• Good mechanical and acoustic coupling 
• Wide variety of shapes and sizes that can be customized to fit specific 
requirements and applications 
• Wide variety of compositions that can be selected to fit specific requirements and 
applications 
Applications of PZT: 
• Undersea exploration (sonar, beacons, imaging, current meters) 
• Aerospace (gyroscopes, accelerometers, fuel level sensing) 
• Medical products (Doppler blood flow, oncology therapeutics, level sensing, 
intra-operative tools for ophthalmology, dental descaling, general surgery, tissue 
ablation, medication delivery, hearing enhancement, bubble detection) 
• Consumer products (ultrasonic toothbrushes, jewellery cleaners, contact lens 
cleaners, computer hard drives, touch screen displays, integrated, ultra-thin 
speakers and cosmetic enhancement) 
• Industrial and commercial (flow and level sensors, ultrasonic cleaning, ultrasonic 
welding, intrusion alarms, fabric needle positioning, solder dispensing, machine 
vibration monitoring, bubble detection, sonochemistry for improved chemical 
mixing) 
• Telecommunications (optical switching of telecom lines, buzzers and alarms, 
Haptics feedback, mobile phone cameras) 
• Automotive (power seat controls, reversing/collision avoidance sensors, anti-
knock sensors) 
• Scientific research (nano positioning stages and analytical tools, scanning probe 
microscopy, advanced acoustics) 
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Mechanical and electrical properties of PZT are shown in the Table 6.2. 
Table 6.2 Mechanical and electrical properties of PZT 
Piezoelectric 
Coefficient 
d31 
Piezoelectric 
Coefficient 
d32 
Piezoelectric 
Coefficient 
d33 
Piezoelectric 
Coefficient 
d15 
Coupling 
factor 
K31 
Coupling 
factor 
K33 
(-121) ÷ (-175) 
 
pC/N 
(-121) ÷ (-175) 
 
pC/N 
300 ÷ 500 
 
pC/N 
495 ÷ 585 
 
pC/N 
0.3 ÷ 0.35 0.69 
Young’s 
Modulus 
Flexural 
Strength 
Poisson 
Ratio 
 
Dielectric 
Constant 
Dielectric 
Strength 
Density 
110 ÷ 120 
 
GPa 
73 
 
MPa 
0.34 
 
1200 ÷ 3000 
 
MHz 
3900 
 
Kv/m 
7.8 
 
Kg/m3 
Tensile 
Strength 
Thermal 
Conductivity 
Thermal 
Expansion 
Hardness Fracture 
Toughness 
KIC 
 
425 ÷ 495 
 
MPa 
1.1 ÷ 1.5 
 
W/m.k 
4-8 * 10-6 
 
°C-1 
5 ÷ 8 
 
GPa 
1.02 
 
MPa.√& 
 
 
3.2 POLYVINYLIDENE FLUORIDE (PVDF) 
Polyvinylidene fluoride (PVDF) is a highly non-reactive and thermoplastic 
fluoropolymer. It was developed primarily for applications demanding excellent chemical 
resistance, high levels of purity and superior mechanical properties. PVDF is often used 
as a lining or protective barrier in chemical industry applications. Compared to other 
fluoropolymers, it has relatively low melting point which in-fact enables easier melt 
processing [85]. It can also be injection moulded and welded and hence it is commonly 
used in the chemical, semiconductor, medical and defense industries. Also it has a 
relatively low density and it is of low cost too. 
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PVDF is a ferroelectric polymer too and hence it can exhibit efficient piezoelectric and 
pyroelectric properties, they making it useful in sensor and battery applications. Thin 
films of PVDF are used in some newer thermal camera s
PVDF is also used as a principal ingredient in many high
PVDF paints have extremely high gloss look and good color retention too.
The main purpose of including PVDF in this 
excellent resistance to creep and fatigue, excellent thermal stability, excellent radiation 
resistance, superior tensile properties and impact strengths, excellent resistance to reduce 
high dielectric strength over a wide temperature ranges.
Strong piezoelectricity is observed in PVDF, piezoelectric coefficients of poled (placed 
under a strong electric field to induce a net dipole moment) thin films are 10 times larger 
than that observed in any other polymer.
in Figs 6.4 and 6.5. 
 
 
ensors [86]. 
-end paints for metals. These 
screening is because it is known for its 
 
  Structure and SEM image of PVDF are show
 
 
 
Fig 6.4 Structure of PVDF [87] 
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Fig 6.5 SEM of PVDF membrane [88] 
 
Characteristics of Polyvinylidene fluoride (PVDF):                                                                                                   
• High-performance material 
• Low flammability in accordance with DIN 4102 
• Excellent chemical resistance 
• Physiologically safe 
• Exceptionally good ageing resi stance 
Application of Polyvinylidene fluoride (PVDF): 
• High temperature and chemical resistance industry. 
• Chemical industry 
• Food industry 
• Nuclear industry 
• Tank and apparatus construction 
• Electroplating industry 
• Paper and textile industry 
• Semi-conductor industry 
• Environmental protection 
 
Mechanical and electrical properties of PVDF are shown in Table 6.3. 
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Table 6.3 Mechanical and electrical properties of PVDF 
Piezoelectric 
Coefficient 
d31 
Piezoelectric 
Coefficient 
d32 
Piezoelectric 
Coefficient 
d33 
Piezoelectric 
Coefficient 
d15 
Coupling 
factor 
K31 
Coupling 
factor 
K33 
-33 
pC/N 
2 
pC/N 
25 
pC/N 
27 
 
pC/N 
0.15 ÷ 0.20 0.12 
Young’s 
Modulus 
Flexural 
Strength 
Poisson 
Ratio 
 
Dielectric 
Constant 
Dielectric 
Strength 
Fracture 
Toughness 
KIC 
2 
 
GPa 
60 ÷ 65 
 
MPa 
0.225 6.8 ÷ 7.7 
 
MHz 
40 ÷ 80 
 
Kv/m 
0.7 ÷ 1.6 
 
MPa.√& 
Tensile 
Strength 
Yield 
Strength 
Density Hardness Thermal 
Conductivity 
Thermal 
Expansion 
50 ÷ 57 
 
MPa 
45 ÷ 55 
 
MPa 
1.78 
 
Kg/m3 
58 
 
MPa 
0.17 ÷ 0.19 
 
W/m.k 
5÷7 * 10-5 
 
°C-1 
 
3.3 ALUMINUM NITRIDE (AlN)  
Aluminum nitride (AlN) is a high thermal conductivity electrical insulator ceramic. 
Among the piezoelectric materials, in particular, AlN has drawn researchers strong 
attention turning out to be a powerful material, because of its great number of advantages 
[89]. Aluminum nitride is considered as the most preferred material for acoustic 
application that allows to obtain the high sound velocity because of its wide band gap 
Eg=62 (eV). This parameter and high mechanical quality factor are also one of the 
demanded properties for fabrication of filters for high frequency and wide band, 
respectively. For both above-mentioned applications, electromechanical coupling is the 
most limiting property of AlN. Other piezoelectric material such as PZT and ZnO, which 
belongs to the ferroelectric group, exhibit much larger coupling coefficient. However, 
they do not assure high quality factors. Moreover, AlN exhibits lower piezoelectric 
coefficients than any other material [90]. Aluminum nitride has a hexagonal crystal 
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structure and is a covalent bonded material. It is stable at very high temperature in inert 
atmosphere. Most current applications are in electronics area where heat removal is 
important.  However, AlN is an excellent material for IC integration. It is much more 
compatible with conventional Si manufacturing technology than other thin films. This is 
due to its thermal stability, chemical composition and possibility to achieve a low 
deposition temperature [91]. It has very good piezoelectric properties and low dielectric 
permittivity, nearly 100 times lower than PZT. Therefore, AlN is used in MEMS 
fabrication [92]. It exhibits a large voltage to break down and low leakage current, with 
high electrical resistance. It has good temperature compensation with good thermal 
stability.  Chemical stability, very high hardness and melting point ensure that AlN thin 
layers do not degrade during processing. AlN does not require poling for activating 
piezoelectric phenomenon [93].
and 6.7 and properies in Table 6.4.
 
 Structure and SEM image of AlN are shown in 
 
 
Fig 6.5. Structure of ALN [94] 
Fig 6.7. SEM of ALN membrane [95] 
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Figs 6.6 
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Characteristics of Aluminum Nitride (ALN): 
• Very high hardness 
• High elastic stiffness 
• Good dielectric properties 
• High thermal conductivity and low thermal expansion 
• High temperature stability 
• Corrosion resistance and chemically resistant material 
• High electrical resistivity and low  electric losses  
• High breakdown voltage (Ub>800 kV/cm) 
• High ultrasonic velocity 
 
Application of Aluminum Nitride (ALN): 
• Piezoelectric applications 
• In-vitro biosensors 
• Actuators and acoustic wave devices 
• Power transistor bases 
• MEMS application and microwave device packages 
• Substrates for electronic packages 
• Heat sinks 
• Semiconductor processing chamber fixtures and insulators 
• Molten metal handling components 
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Table 6.4 Mechanical and electrical properties of AlN 
Piezoelectric 
Coefficient 
d31 
Piezoelectric 
Coefficient 
d32 
Piezoelectric 
Coefficient 
d33 
Piezoelectric 
Coefficient 
d15 
Coupling 
factor 
 
K31 
Coupling 
factor 
K33 
-2.1 
pC/N 
-2.1 
pC/N 
5.4 
pC/N 
3.6 
pC/N 
0.23 0.31 
Young’s 
Modulus 
Flexural 
Strength 
Poisson 
Ratio 
 
Dielectric 
Constant 
Dielectric 
Strength 
Fracture 
Toughness 
KIC 
310 
 
GPa 
320 ÷ 350 
 
MPa 
0.21 ÷ 0.28 8-9.1 
 
MHz 
More than 
20 
kV/mm 
3.3 
 
MPa.√& 
Hardness Thermal 
Conductivity 
Thermal 
Expansion 
Tensile 
Strength 
Density  
10.7 
 
GPa 
170 
 
W/mK 
4.5 * 10-6 
 
oC-1 
300 ÷ 400 
 
MPa 
3.3 
 
g/cm3 
 
 
3.4 BaTiO3  
Barium Titanate was the first developed piezoelectric ceramic and even now it is still 
widely used. It is also a well-known material used for capacitors. BaTiO3 is the first 
piezoelectric transducer ceramic ever developed; however, its use in recent years has 
shifted away from transducers to an almost exclusive use as high-dielectric constant 
capacitors of discrete and multilayer (MLC) types. Reasons for this are strategy two: its 
relatively low TC (critical temperature) of 120°C, which limits its use as high-power 
transducers, and its low electromechanical coupling factor in comparison to PZT (0.35 vs 
0.65). Unlike PZT, which is a solid-solution composition containing a volatile component 
(PbO), BaTiO3 is a definite chemical compound possessing relatively high stability 
components, making it easy to sinter while maintaining good chemical stochiometry. 
Nevertheless, these materials are often used combined with special additives to improve 
their basic properties. When BaTiO3 is used in its primary application as a capacitor, a 
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different group of additives is used. In this case the goal is suppressing the ferroelectric 
and piezoelectric properties as much as possible while maintaining or increasing its 
dielectric constant. Applications include switches, sensors,
[96]. Structure and SEM image of BaTiO3 are shown in 
in Table 6.5. 
 
 
 
Fig
Fig 6.9. SEM images of BaTiO3 micro crystallites synthesized [98]
 
 motor starters, and controllers 
Figs 6.8 and 6.9 and properties 
 6.8. Perovskite Structure of BaTiO3 [97] 
 
137 
 
 
 
 
Overview of properties and functions of piezoelectric materials 
 
138 
 
Applications of (BaTiO3): 
• Capacitors  
• Microphones 
• Transducers 
• Thermistors and self-regulating electric heating systems 
• Nonlinear optics 
• Photorefractive applications 
• Uncooled sensors for thermal cameras 
 
Table 6.5 Mechanical and electrical properties of BaTiO3 
Piezoelectric 
Coefficient 
d31 
Piezoelectric 
Coefficient 
d32 
Piezoelectric 
Coefficient 
d33 
Piezoelectric 
Coefficient 
d15 
Coupling 
factor 
 
K31 
Coupling 
factor 
K33 
-58 
pC/N 
-58 
pC/N 
145 
pC/N 
245 
pC/N 
0.19 0.46 
Young’s 
Modulus 
Flexural 
Strength 
Poisson 
Ratio 
 
Dielectric 
Constant 
Dielectric 
Strength 
Fracture 
Toughness 
KIC 
100 ÷ 125 
 
GPa 
98 
 
MPa 
0.37 640 
 
kHz 
181 
 
kV/cm 
0.49 
 
MPa.√& 
Hardness Thermal 
Conductivity 
Thermal 
Expansion 
Density Tensile 
Strength 
 
5 
 
mohs 
2.90 
 
W/mK 
(7 ÷ 8) *10-6 
 
oC-1 
5.5 
g/cm3 
52 
 
MPa 
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3.5 ZINC OXIDE (ZnO) 
ZnO is formed in natural as the mineral zincite. Zinc oxide is a piezoelectric material with 
hexagonal Wurtzite crystal structure. ZnO crystals are composed of alternate layers of 
zinc and oxygen atoms disposed in wurtzite hexagonal close-packed structure, with a 
longitudinal axis.  However, most of ZnO used commercially is synthetically produced. 
ZnO is widely used as an additive in a variety of applications including ceramics, plastics, 
cement, glasses, lubricants, paints, pigments, and ointments. Recently, due to its 
semiconducting properties, ZnO has been considered very attractive as an emerging 
material for electronics applications [99]. It is also widely used in gas sensors, “resisting 
coating against UV (Ultra-Violet) radiation”, piezoelectric devices, varistors, surface 
acoustic wave (SAW) devices and transparent conductive oxide electrodes. Recently ZnO 
has also attracted attention for its possible application in short wavelength light emitting 
diode (LEDs) and laser diodes because the optical properties of ZnO are similar to those 
of GaN [100, 101]. Pure zinc oxide, carefully prepared in a laboratory is a good insulator; 
however, it can be increased in electrical conductivity many fold by special heat 
treatments and by the introduction of specific impurities into the crystal lattice. ZnO can 
even be made to exhibit metallic conductivity as for transparent electrodes similar to ITO 
(Indium Tin Oxide) [102]. Coupling coefficient for ZnO is high which makes ZnO an 
excellent material to be used in wide variety of piezoelectric applications [103]. 
ZnO does not have the best piezoelectric coefficient compared with other piezoelectric 
materials like PZT (lead zirconate titanate) and BaTiO3 (barium titanate), although ZnO 
has several advantages. It has both semiconductor and piezoelectric characteristics, it is 
also biocompatible, and suitable for application in nanotechnology [104]. Structure and 
SEM image of ZnO are shown in Figs 6.10 and 6.11 as properties in Table 6.6.  
 
Overview of properties and functions of piezoelectric materials
 
   
 
Characteristics of Zinc Oxide (ZnO):
• High carrier mobility
• Transparency 
• Wide band gap  
• Low temperature process
• Cost saving 
 
 
Fig 6.10. Structure of ZnO [105] 
 
Fig 6.9. SEM images of ZnO [106] 
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Applications of Zinc Oxide (ZnO): 
• Variable sensor devices, which are used to prevent voltage surges in devices like 
cellphone. 
• Pigments in paints. Chinese white is a special grade of white pigment based on 
zinc oxide. 
• Filler for rubber products 
• Metal-protective coating 
• Batteries, fuel cells and photocells 
• Coatings for paper 
• Sunscreens and sunblocks for the prevention of sunburn  
• Rubber industry 
• Plastics and ceramic industry 
 
 
Table 6.5. Mechanical and electrical properties of ZnO 
Piezoelectric 
Coefficient 
d31 
Piezoelectric 
Coefficient 
d32 
Piezoelectric 
Coefficient 
d33 
Piezoelectric 
Coefficient 
d15 
Coupling 
factor 
K31 
Coupling 
factor 
K33 
Fracture 
Toughness 
KIC 
-5.43 
pC/N 
-5.43 
pC/N 
11.7 
pC/N 
-11.3 
pC/N 
0.18 0.47 1.2-1.4 
 
MPa.√& 
Young’s 
Modulus 
Flexural 
Strength 
Poisson 
Ratio 
 
Dielectric 
Constant 
Dielectric 
Strength 
Density Thermal 
Expansion 
20 
 
GPa 
100-125 
 
MPa 
0.36 4.5 
 
MHz 
106 
 
V/Cm 
5.6 
g/cm3 
6.5*10-6 
 
oC-1 
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CHAPTER 7 
 
FRACTURE ANALYSIS OF SINGLE LAYER OF 
PIEZOELECTRIC MATERIAL   
 
 
 
 
 
1 Specimens and analysis conditions  
 
Set of specimens analyzed in case of smart piezoceramic PZT-4 has the same geometries 
used for steel, although piezoelectric coefficient had to be inputted. 
Because of its wide use in industry such as: ultrasonic cleaners, ultrasonic atomizers, 
ultrasonic micro-bonding apparatus, underwater echo sounders, high frequency 
transducers, high stress pressure sensors, squeeze-type gas igniters, high power actuators, 
vibratory motors, transformers, ultrasonic welding, ultrasonic mixing, ultrasonic surgery, 
son chemistry and so on. 
Electro-mechanical properties of PZT-4 such as elasticity, piezoelectric coupling and 
dielectric are defined as follows:  
Elasticity =
°±
±±
±²³FF ³F
 ³F 0 0 0³F
 ³FF ³F 0 0 0³F ³F ³ 0 0 00 0 0 ³ii 0 00 0 0 0 55 00 0 0 0 0 2(³FF − ³F
)µ´
µµ
µ¶
 [GPa]   (7.1) 
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Elasticity =
°±
±±±
²115.4 74.28 74.28 0 0 074.28 139 77.84 0 0 074.28 77.84 139 0 0 00 0 0 25.64 0 00 0 0 0 25.64 00 0 0 0 0 25.64µ´
µµµ
¶
[GPa] 
Piezoelectric coupling =
°±
±±
±² \ 0 0−\F 0 0−\F 0 00 \Fh 00 0 \Fh0 0 0 µ´
µµ
µ¶
  [c/m2]     (7.2) 
Piezoelectric coupling = 
°±
±±±
² 15.08 0 0−5.207 0 0−5.207 0 00 12.71 00 0 12.710 0 0 µ´
µµµ
¶
[c/m2] 
Dielectric =ºFF 0 00 

 00 0 » 10-9 [farad/m]      (7.3) 
Dielectric =º5.872 0 00 6.752 00 0 6.752»10-9 [farad/m] 
 
Dimensions and geometries of specimens are the same of previous analysis. In particular 
specimen has length 180 mm, width 40 mm, thickness 30 mm and initial crack length 20 
mm. 
  
2 Modeling the fracture mechanics of piezoelectric inside the 
ABAQUS© code 
Modeling of fracture inside the piezoelectric material is similar to the case of steel, but 
some modification to case with electromechanical coupling was required. Inside the 
“property module”, properties of piezoelectric have to be inputted. In particular PZT 
exhibits behaviour of an orthotropic material. Therefore orientation is strictly important in 
the numerical investigation. 
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In case of piezoelectric material in addition to the mechanical loads input voltage, 
electrical potential and electrical boundary conditions are even defined. To proceed 
special elements being piezoelectric are selected to build up the mesh. 
Unfortunately the Abaqus software is unable to perform the fracture analysis in case of 
piezoelectric material by taking into account the electro mechanical behaviour of this 
material. As above mentioned fracture and piezoelectric analysis can be run separately 
but never in combination.  
To solve this problem, a suitable procedure creates a link between the fracture and the 
piezoelectric model, respectively. The ISIGHT program was used to solve this problem 
and connect the electro mechanical coupling together with the fracture mechanics 
analysis inside the Abaqus.  
 
3 The ISIGHT program 
In computer-aided product development, engineers are currently using a wide range of 
softwares to design and simulate their products. Often results computed by one package 
are inputs for another code. Manual process may introduce some errors in modeling and 
simulations. SIMULIA© provides some market-leading solutions to improve the process 
of leveraging the power of various software packages. ISIGHT is used to combine cross-
disciplinary models and applications together in a simulation process flow, and automate 
their execution. ISIGHT’s ability is manipulating and mapping parametric data between 
some process steps. It can make automatic a numerical simulation made of several steps 
and based on some cooperation softwares. Moreover it reduces manual errors and 
accelerates the evaluation of product design alternatives. 
ISIGHT is a desktop solution that provides a suite of visual and flexible tools for creating 
simulation process flows-consisting of a variety of applications, including commercial 
CAD/ CAE software, internally developed programs, and Excel spreadsheets. If the 
ISIGHT code provides a standard library of components, which provides some blocks to 
create a simulation process flow. Each component is a sort of container with its own 
interface for integrating and running a particular model or simulation. It is even provided 
a set of protocols to correct outputs to applications like Excel™, Word™, MATLAB®, 
Text I/O applications, Scripting, and Databases. An open “API” and a “Component 
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Generator” allow the development of some components for simulation. The “Component 
Generator” creates custom GUIs for wrapped components, and extends the ISIGHT 
capabilities. 
This open architecture allows SIMULIA and its partners to offer application components 
that provide a tighter integration with models developed in popular engineering software 
applications, such as Abaqus™, CATIA V5™, Pro/ENGINEER™, Unigraphics™, 
ENOVIA™, Teamcenter™, ANSYS™, LS-DYNA™, MADYMO™, Price-H™, 
SEER™, STAR-CCM+™, AVL™, Adams™, and different versions of Nastran™. It also 
enables partners and customers to add custom design driver techniques including DOE, 
approximation error analysis, optimization, Monte Carlo sampling methods, and random 
variable distributions. This approach makes it easier to create process flows, reduces 
maintenance costs, and provides timely access to new components or updates through an 
independent release process. 
The intuitive “Design Gateway” graphical user interface enables users to quickly create 
integrated simulation process flows, which couple simulation programs regardless of 
discipline, programming language, or format. It provides drag-and-drop process flow 
creation, parameter mapping, and problem formulation. This process editor supports 
powerful file parameters that can represent simulation models as variables, as well as 
dynamically sizable arrays for both inputs and outputs. The software also provides 
branching, looping, conditional, and other execution logic. This flexibility, combined 
with scripts to alter the runtime behavior of the model as a function of changing 
parameter values, allows the creation of highly reusable processes. Once the process flow 
is defined, the user interface enables easy import of externally defined parameter values 
and problem formulations. Utilities such as model search, model content viewer, 
parameter search, and parameter grouping are also available.  
The “Runtime Gateway” enables local execution of engineering process flows and 
creation of graphs and tables to visualize results. All job results are saved automatically 
to a locally managed MySQL database. The user interface supports the creation of visual 
tools for real-time post processing of data such as tables, 2D and 3D plots, and statistical 
analysis. Run data can be filtered and graded with a flexible set of criteria before post 
processing. All scatter plots allow easy one-click visualization of the virtual prototype by 
dedicated simulation results viewers. It provides interactive tools for visualizing 
parameter relationships as well as performance attribute tradeoffs with interactive 
approximations. Users can share these approximations with non-ISIGHT users by 
Fracture analysis of single layer of piezoelectric material  
 
exporting them to Excel. ISIGHT is offered as a standalone desktop product. However, 
any simulation process flow created with ISIGHT can be seamlessly executed on the 
SIMULIA Execution Engine from the Ru time Gateway. 
library of parallel process drivers, such as Design of Experiments, Optimization, 
Approximations, and Design for Six Sigma that enables engineers to thoroughly and 
quickly explore the design space.
Two main steps to integrating t
used to solve the problem and the order in which they are executed and Second, “teach” 
ISIGHT how to run those codes or tools in the proper order. The procedure of using 
simcode component is as fo
Fig 7.1. Sequence of procedure simulation in the ISIGHT code.
Architecture of the ISIGHT tool includes (Fig 7.1):
 Simcode component 
i. Specifying the command
ii. Defining how input and output data is created/captured
 Data Exchange component
i. File wizards 
ii. Menu layout 
iii. Read vs. write 
iv. Template files 
v. Parameter modes, types and structures
 OS Command component 
i. Basic and Advanced options
ii. Required Files 
 
ISIGHT offers an extensive 
 
he Design Process are; first, understand the codes or tools 
llow, which is shown in the picture: 
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The Simcode component is used to integrate any simulation code that uses ASCII-based 
input and output. Internally, the Simcode component consists of three smaller 
components: two Data Exchange modules and one OS Command. 
 
4 Prediction of SIF and J-Integral through the ISIGHT code 
To solve the problem of fracture mechanics of piezoelectric material inside the ABAQUS 
code feature of fracture and piezoelectric analysis were connected together by means of 
ISIGHT tool, this procedure is here in described. 
In the first step of this research activity a single layer of piezoceramic undergoing a single 
mode of fracture was analyzed. 
A preliminary operation consists of modeling the specimen as it is inside the ABAQUS 
code, by providing all the mechanical properties of material as well as the relevant 
information about the crack, such as loading and boundary conditions, crack geometry, 
length and the GEM mesh.  
To input the electrical properties and piezoelectric coefficients the same model is 
developed as a separated case, by introducing piezoelectric elements and by inputting all 
the required parameters.  
To practice how similar models are pre-processed in the ABAQUS code. One is 
conceived for the fracture analysis and the other for the static and dynamic analysis of 
piezoelectric material. To perform the fracture analysis in presence of piezoelectric 
phenomenon the two analyses have to be run in sequence and the two models have to be 
made interacting each other. 
Connection between the two analyses and related model is done by ISIGHT tool, by 
resorting to some components like a calculator loop, sub model and connector. 
Fig 7.2 shows the architecture of the whole toolbox as it was developed, assembled and 
used by the author for this thesis. This model is aimed at computing only the stress 
intensity factor and the J-integral as it was done in pervious chapters for steel and 
composite specimens. 
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Fig 7.2: The model to obtain the value of J-Integral and SIF 
 
Looking at the flow described in Fig 7.2, the first block to be considered is “crack”. This 
component consists of an active window, which can be opened into ISIGHT as Fig 7.3. 
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Users can save from ABAQUS code the first model above mentioned where only 
mechanical properties and loads were considered in ‘. py’ files, i.e. by resorting to the 
Python code format available in ABAQUS. This command list can be copied and pasted 
inside the window called “crack” of ISIGHT code, as Fig 7.3 shows.
 
Fig 7.3: Using Pyt
 
In this module a first window includes all the INPUTS, a second one the commands for 
the analysis and a third one collects the outputs. When this first component “crack” is run 
in practice the fracture analys
piezoceramic are considered and SIF and J
steel material. 
A second active component, referred to as “ POST
first run above described, as well as all the inputs useful to run the piezoelectric analysis. 
This operation is foreseen by creating a suitable flow of data as Fig 7.4 shows. Parameter 
by parameter a connecting line is there drawn to tell the toolbox where required inp
the next steps of numerical investigation have to be found.
 
 
hon code coming from Abaqus model (Appendix 1)
is is started, only mechanical loads and properties of 
-integral are computed as in previous case of 
-CRACK” collects the outputs of the 
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uts for 
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Fig 7.4: The element to connect different parameters together inside the program
A third action is performed by the component here referred to as “PIEZO
active window similar to the “CRACK” component. User copies and pastes here the 
model of piezoceramic specimen pre
analysis and saved as a ‘.py’ file, by resorting to the python format. In this case model 
works by using only electromechanical and electrical properties of piezo to compute the 
displacements of the FEM model of specimen under the forces applied to the specimen. 
In this part no computation of SIF or J
In “POST-PIEZO-F” flow of data, outp
the connecting lines among parameters as in Fig 7.5.
 
 
-processed in ABAQUS just to run the piezoelectric 
-integral is performed. 
ut and inputs for the loop is prepared by drawing 
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-F”. This is an 
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Fig 7.5: Connecting the parameters to make a loop for different conditions
Voltage distribution is even an output of this analysis. This is important 
changes the boundary conditions around the crack tip because sections are driven by the 
created electrical field induced the piezo electric phenomenon. So far boundary 
conditions are written and updated in the “WRITE BC
“SUB MODEL F” collects the displacements due to the piezoelectric phenomenon and 
computed by the electromechanical analysis and converts this information into an 
updated value of SIF and of J
coupling. In particular, SIF and J
initial fracture analysis. 
“SIF” component is conceived to store the final values of relevant parameters and of SIF 
and J-integral corresponding to this step of the simulation. This sequence on
what it is done for a given geometry of crack and loading force. To be able to perform the 
analysis this calculator is divided in several steps.
A first level of loop is foreseen to subdivide in small increments of external loading 
condition the whole analysis. Therefore when convergence is reached for each value of 
 
 
-F” component. 
-integral, which now includes the electromechanical 
-integral are added in the solutions coming from the 
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because it 
ly describes 
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force a next step is started, by updating the force applied as the upper part of “BLOCK 
DIAGRAM” in Fig 7.2 shows and Fig 7.6 describes in detail. 
Fig 7.6: Calculator element to control the loads magnitude and boundary conditions
Nevertheless, the final crack length for each force magnitude is reached by an iterative 
solution by updating the geometry of cracked structure as lower functional “loop1” doe
in Fig 7.2. Even in case of a computation of SIF and J
converge before then external load can be increased.
The sequence above described assumes that excitation is due to some mechanical actions 
applied to the structure, 
piezoelectric and its effect upon the values of SIF and J
correction to the main contribution driven by force.
In this case piezoelectric layer works as a sensor or even 
behaviour can be considered passively coupled to the structure.
 
 
 
-integral partial results have to 
 
Voltage is first an effect of mechanical strain applied to 
-integral is evaluated as a 
 
as an energy harvester, but its 
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s 
Fracture analysis of single layer of piezoelectric material  
 
Fig 7.7: Geometry update in calculator module to loads magnitude and boundary 
When strain is induced by the applied electric field it is required
coupling between piezoelectric and structure. Therefore the ISIGHT model has to be 
updated to allow introducing this option, as Fig 7.8 shows. In particular the inner loop1 is 
equipped with a second path being activated in case o
piezoelectric. A “MODEL” component collects inputs suitable to compute the actions 
applied to structure as a consequence of electric field excitation,
Sequence of operations is then similar to the other case, since SIF and 
computed by assuming that reformed shape is imposed by the electrical actuation. 
Nevertheless, piezoelectric does not loose its capabilities of sensing the strain applied to 
the structure and a feedback is provided in terms of created 
excitation but sufficiently high to motivate a separated evaluation and a correction of SIF 
and J-integral by means of “SUBMODEL
same role of pervious case, where response was driven by fo
 
conditions 
 
 dealing with the active a 
f voltage driven response of the 
 
voltage, fairly lower than 
-V” and “SIF-V” components which play the 
rce. 
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J-integral are first 
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Fig 7.8: Final model to compute the value of j
At the end of this run ISIGHT provides directly a post
ordered lists of numbers as in Fig 7.9.
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Fig 7.9: Results coming from ISIGHT program
Diagrams and trends are depicted in a collection of windows as in Fig 7.10 
and vertical axis presents, JINT, SIF, force_bv and height).
  
Fig 7.10: Diagrams coming from ISIGHT program
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5 Analysis of crack propagation through the ISIGHT code 
Prediction of crack propagation requires a different implementation of the ISIGHT tool 
above described. In this case propagation is investigated in terms of direction and speed. 
To provide those results the piezoelectric phenomenon is considered both in terms of 
applied strain when damage is driven by voltage and in terms of change in shape of 
layers. 
As Fig 7.11 describes the crack propagation model developed inside the ISIGHT code 
includes some components. “CREATE PIEZO MODEL” introduces all the piezoelectric 
properties of material, voltage is applied and displacements of modes are recorded by 
running the model “RUN PIEZO”. Geometry of specimen imposed by the voltage, even 
in terms of shrinking effect is described in “GRAB UX” and inputted into the XFEM 
component. 
As in case of metal XFEM assures the computation of crack path and propagation once 
that actual geometry, shape and loading condition are known. Crack propagation and 
geometry of specimen changes as component “STATUS” monitors. 
The loop is then closed so as for increasing voltage the crack propagation is computed by 
an iterative solution at each value of voltage imposed and gradually up to the collapse of 
the structure. 
It is remarkable that crack propagation can be even predicted by resorting to a piezo-
thermal (electro-thermal) analogy. 
In particular, it is known that strain induced along direction 1 by the electric field applied 
along direction 3 is: 
ε1 = d31E3  where  E3 =	¼C       (7.1) 
Above expression suggests that numerical procedure has to evaluate step by step values 
of applied voltage V and of piezoelectric layer thickness t (this motivates the updating of 
geometry). Moreover, under assumption of linear behaviour (small displacements) 
relation between strain and electric field is linear as well as that between strain and 
temperature in thermo mechanical analysis. 
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Fig 7.11: The ISIGHT model to analysis the crack propagation inside piezoelectric
Therefore one possibility suggested by the literature is resorting to an analogy between 
piezoelectric and thermal strain, by inputting inside the ABAQUS code an equ
thermal expansion coefficient 
 
 
α instead of d31 and an equivalent distribution of 
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ivalent 
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temperature t, instead of electric field, to run more easily thermo mechanical analysis 
instead of implementing this approach. Difference is that the ABAQUS code is already 
programmed to perform a prediction of crack propagation in case of thermal loads, which 
it doesn’t in case of piezoelectric action. Analogy looks like: 
 
εPiezo = d31E = d31
¼C   
εthermal = αT    (7.2) 
 
Procedure was tested to compare the results obtained by the new proposed protocol and 
this approach. Nevertheless, to make efficient the computation of equivalent temperature 
Teq it was required analyzing the displacements induced by voltage for given thickness of 
piezoelectric layer and imposing their equivalence in case of thermo mechanical analysis. 
In practice sequence of operation was: 
 
1) Running the piezo model with isostatic constraints and calculating the plate shrinking. 
2) Running the mechanical model by using temperature to mimic the voltage. Thermal 
expansion coefficient was used to obtain the same displacements of the voltage driven 
deformation. 
3) Running the mechanical model with temperature, with real constraints. 
Reactions were even checked and scaled by elastic properties of material assure to get the 
same effect of voltage. It was demonstrated that results and behavior of crack propagation 
in both the procedures based on ISIGHT program and thermal analysis are the same. 
6 Numerical investigation: Fracture in single mode propagation 
6.1 Influence of loading condition  
Effect of magnitude of load and crack length was first analyzed without applying voltage 
stress intensity factor and J-integral were calculated to investigate the attitude of 
piezoceramic PZT to fracture. SIF and J-Integral for initial crack length of 20 mm are 
shown in Table 7.1. 
d31  αeq 
½+   Teq 
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Table 7.1: SIF and J-Integral with initial crack length of 20mm 
Load [N] 50 100 150 200 250 300 350 400 450 500 
SIF[MPa] 30.95 61.98 92.86 123.8 154.7 185.7 216.7 247.6 278.5 309.5 
J-Integral 
[N/mm] 
0.010 0.0424 0.0954 0.1697 0.2652 0.3811 0.5201 0.6788 0.8586 1.0603 
 
It can be remarked that when piezoceramic is purely passive line a metal and no effect of 
voltage is considered SIF increases with load and J-integral is positive and increases too.  
 
 
Fig 7.12: The value of J-Integral for different loads magnitude without applying voltage. 
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Fig 7.13: The value of J-Integral for different crack length without applying voltage. 
 
In Fig 7.12 J-integral is plotted as a function of applied load. Each point of this plot 
corresponds to a value of crack length, whose range is spamming from 10 to 30 mm. The 
ABAQUS code drawn a line of tendencies to describe how the two coordinates of plot are 
related in this case it can be appreciated that: 
1) J-integral non-linearly increases with load 
2) Its value is greater when crack length is longer 
In Fig 7.13 the same analysis was plotted, but J-integral is now a function of crack length. 
Values are bigger when crack is longer and relation appears non-linear as in pervious 
graph. 
Stress Intensity Factor was analyzed as Figs 7.14 and 7.15 show. It is worthy noticing 
that Stress Intensity factor shows a nonlinear dependence upon crack length, while it is 
linearly related to load magnitude. In both cased SIF increases as load and crack length 
do. 
Each column represents the different J value for load 
varying from 50 upto 500 N with specific crack length 
Different Crack length from 10 to 30 mm 
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Fig 7.14: The value of SIF for different crack length without applying voltage.
Fig 7.15: The value of SIF for different loads magnitude without applying voltage
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A preliminary investigation about correlation between Stress Intensity factor and J-
integral was done as it looks in Fig 7.16. Actually relation is complete with analytical 
prediction according which J-integral is proportional to square value of K (see chapter 1). 
 
 
Fig 7.16: The value of J-Integral against SIF values in all point. 
 
6.2 Influence of voltage  
In this second part the effect of voltage applied to the piezoelectric layer is analyzed. It 
was assumed that no external load is applied to the structure. 
Table 7.2 shows the calculated values of SIF and J-Integral for a crack length of 20 mm 
and voltage varying from 10 up to 100 V, then for variable crack length from 10 up to 30 
mm. 
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Table 7.2: SIF and J
Voltage 
[V] 
10 20 30
SIF[MPa] 7.509 15.019 22.530
J-Integral 
[N/mm] 
-3.8e-8 -0.001 -0.003
 
Distribution of electric potential is described in Fig 7.17 and 7.18. As it 
voltage crosses the whole section of specimen, although it is affected by the crack length. 
Gradient in space of voltage and around the crack tip is more evident for a larger bending 
effect. 
Fig 7.17: Electrical potential distribution for 20 volt and crack length 20 mm
Fig 7.18: Electrical potential distribution for 20 volt and crack length 10 mm
 
-Integral with initial crack length of 20mm
 40 50 60 70 80
 30.033 37.551 45.061 52.566 60.081
 -0.006 -0.009 -0.014 -0.019 -0.024
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 90 100 
 67.588 75.098 
 -0.031 -0.038 
can be observed 
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As in previous case J-integral analyzed in Fig 7.20 and 7.21. Great news in those 
simulations is that J-integral is negative. About this result it was deeply focused the 
attention during this study to catch the meaning of such detail. It can be observed that 
loading conditions are fairly different in case of mechanical force applied or in case of 
active piezoelectric layer, although the some opening mode of fracture is excited. Fig 
7.19 shows some differences.  
 
 
 
Fig 7.19: Loading condition in case of force and voltage applied. 
 
According to Fig 7.19 in case of pure bending moment induced by a vertical force, 
distribution of strain is agreeing with distribution of displacement along the line axis. 
Therefore strain is part positive and in part negative and where crack occurs compatibility 
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is no more valid, i.e. theoretical distribution of strain and stress depicted cannot be 
applied, since crack generates two separated faces. 
In case of voltage, distribution is linear from zero to the maximum value, once that 
polarization of piezoelectric layer is defined. For each level of voltage correspond an 
elongation ε and related stress σ. If a free body is considered tensile effect occurs at the 
upper surface and lower surface as ε=0, if polarization and voltage drop are those 
assumed in the above depicted example. By converse if the body is constrained by hinges 
at the bottom, each constraint applies a reaction. This effect makes lower fibers 
undergoing a tensile stress and crack opening occurs, while upper fibers undergo a state 
of compression or at least they are close to neutral axis of bending. Moreover, two blocks 
separated by crack rotate and add a contribution to the stress concentration around the tip. 
Obviously this is only a rough and preliminary interpretation of the phenomenon, but it 
allowed understanding results obtained by the Abaqus code. 
In particular, those differences make state of compressive stress around the crack tip 
dominant. J-integral is therefore negative. Nevertheless, from the practical point of view 
amplitude of J-integral is relevant more than its sign, which only depends on the specific 
constraining conditions. 
As in previous cases, if only amplitude of J-integral is considered, a similar nonlinear 
dependence upon the loading conditions, being here the voltage and on crack length is 
exhibited. 
It will be remarked that trend automatically drawn by the ABAQUS code apparently 
suggests that amplitude increase indefinitely. This looks like a wrong perception because 
if one looks at value of 22-24 mm of crack length the trend suddenly changes and J-
integral slightly decreases. 
This behavior is even more evident in Fig 7.18 where SIF is plotted. It grows up with 
crack length until value of 21-23 mm and then it becomes smaller above this threshold. 
This is a very significant result even from the practical point of view and it can be 
explained as follows. If one looks at Fig 7.17 and Fig 7.18 it can be realized that as much 
as it is long the crack tip is located inside a region dominated by the electric potential of 
the upper electrode of piezoelectric layer. State of stress is affected by the proximity with 
the upper and free surface where the electric charge is concentrated and the remaining 
Fracture analysis of single layer of piezoelectric material   
 
166 
 
cross section suitable to bear the applied load is quite small. Work done by piezoelectric 
material in terms of compression, according even to Fig. 7.20 is dominating with respect 
to energy relapse rate or at least more relevant. Attitude of piezoelectric layer to 
propagate the crack is now lower as SIF and J-integral suggest. Therefore it can be 
remarked that piezoelectric actuator induces a state of stress around the crack tip when 
length is quite great that is in contrast with the crack propagation. This effect agrees with 
some experimental observations, which demonstrated that life is longer than prediction, 
because of some unexplained motivation. 
A sort of “smart recovery” against the fracture of material is opposed by the piezoelectric 
layers when the available thickness is reduced below a critical value, provided that crack 
propagation is still stable. Relation between SIF and applied voltage is even linear as in 
Fig.7.23. 
 
 
Fig 7.20: The value of J-Integral for different crack length with different voltage  
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Fig 7.21: The value of J
 
Fig 7.22: The value of SIF for different crack length without applying external force.
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Fig 7.23: The value of SIF for different voltage magnitude force 
 
 
Fig 7.25: Relation between J-Integral and SIF  
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It can be noticed that Stress Intensity Factor has nonlinear growth with crack length. 
Although it has linear relation with voltage.  Relation between J-integral and SIF is 
shown in Fig 7.23. 
 
7 Numerical investigation: Mixed mode crack propagation 
To make expedient this analysis mixed mode C is directly considered. Configuration is 
the same of the steel specimen. Two forces are applied and constraints are no more at the 
two ends of specimen but close to crack. 
Procedure followed in the numerical investigation was the same of single mode crack 
propagation and sensitivity analysis was done by focusing the same parameters. Results 
are here in presented.  
 
7.1 Influence of loading condition  
In this case calculation of SIF includes both mode I and II. It was performed by analyzing 
first the pure mechanical loading condition. Range of values was from 10 up to 100, 
crack length was set at 20 mm when constant and long from 10 up to 30 mm was 
investigated when it is variable. 
 
Table 7.3: The value of SIF and J-Integral with different load magnitude with crack 
length of 20mm 
Load 
[N] 
10 20 30 40 50 60 70 80 90 100 
KI[MPa] 31.472 62.898 94.302 125.645 157.109 188.4 219.631 250.841 281.984 313.094 
KII[MPa] 2.673 5.3774 7.533 10.1046 11.749 14.1609 16.612 19.078 21.5801 24.1254 
J-Integral 
[N/mm] 
0.01096 0.0438 0.0987 0.1756 0.27456 0.3955 0.5386 0.7038 0.8911 1.1009 
 
Fracture analysis of single layer of piezoelectric material  
 
Fig 7.26: Stress distribution inside the model with10 N 
As Fig 7.27 shows even in presence of mixed mode propagation crack follows a straight 
path. 
Fig 7.27: The value of J-Integral for different loads magnitude without applying voltage
 
170 
 
 
 
 
. 
Fracture analysis of single layer of piezoelectric material  
 
Fig 7.28: J-Integral vs. crack length (without applying voltag
Trends of J-integral are similar to those of single mode, although it seems that a higher 
sensitivity upon load magnitude than on crack length is shown.
For Stress Intensity Factor two analyses were performed, and for each mode, as Fig 7.29 
and 7.30 show. 
Fig 7.29: The value of SIF for different crack length without applying voltage.
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Fig 7.30: The value of SIF for different loads magnitude without applying voltage
Behaviour of KI is quite regular, it increases with increasing crack length and applied 
load. KII looks decreasing with increasing crack length. In particular behaviour damages 
quite a lot length by length. Crack of 20 and 28 mm show very different attitude to 
propagation, this effect could be related even to a convergence problem of the numeric 
tool. 
If look one looks at Fig 7.31 (b) can realize that this mode is irregularly 
convergence in the computation of K
simulation but is motivating even the crack propagation so poorly affected by the II mode 
contribution, From this Fig, its clear from the relation between J
 
(a) 
Fig 7.31: The value of J
 
  
 
II is rather difficult, This points out a limit of 
-integral and SIF.
 
     (b) 
-Integral against SIF values in all point
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7.2 Influence of voltage  
Sensitivity upon applied voltage was investigated first for a crack length of 18 mm and 
voltage spamming constant from 20 to 200 V, therefore different crack lengths from 10 to 
30 mm. results are shown in Table 7.4 
 
Table 7.4: SIF and J-Integral for different Voltage with crack length of 18mm 
Voltage [v] 20 40 60 80 100 120 140 160 180 200 
KI[MPa] 9.875 19.763 29.66 39.577 49.503 59.447 69.401 79.363 89.342 99.336 
KII[MPa] 9.148 18.302 27.46 36.6232 45.789 54.963 64.135 73.322 82.503 91.695 
J-Integral 
[N/mm] 
-0.003 -0.006 -0.03 -0.053 -0.083 -0.1199 -0.163 -0.212 -0.269 -0.332 
 
Crack opening with 80 V and crack lengths of 10 and 20 mm is shown in Fig 7.32 
together with stress distribution. 
      
 
Fig 7.32: Stress distribution inside the model for 80V and crack length of 10 and 20 mm 
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Fig 7.33: J-Integral for different crack length for different voltage  
 
 
Fig 7.34: J-Integral for different voltage  
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As Fig 7.33 and 7.34 show j-integral increase with crack length, although as in single 
mode sign is negative because of constraining conditions described in Fig 7.20. 
As in single mode a sort of “BARRIER EFFECT” in case of longer crack was detected 
even in this case and it affects both mode I and mode II as Fig 7.35 (a) and (b) show. 
 
 (a) 
(b) 
Fig 7.35: SIF for different crack length and mode of propagation I (a) and II (b) 
(Without applying external force) 
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   (a) 
(b) 
Fig 7.36: SIF for different voltage magnitude and mode of propagation I (a) and II (b) 
(Without applying external force) 
 
Trend of mode II is here well identified and is similar to that of mode I as Fig 7.36 states. 
Finally the below Fig 7.37 presents the correlation between Stress Intensity Factor and J-
integral. 
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Fig 7.37: The value of J
 
 
 
-Integral against SIF values in all point.
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CHAPTER 8 
 
FRACTURE OF SMART COMPOSITE STRUCTURE WITH 
PIEZOELECTRIC AND METALLIC LAYERS
 
 
 
 
 
The main goal of predicting the fracture mechanics of smart composite materials is coped 
in this chapter by focusing the attention upon the case of metallic structure equipped with 
surface bonded piezoelectric actuator. A thin layer of PZT
already described in previous chapters and was bonded on a substrate of AISI 4340 steel. 
1 Specimens and analysis conditions 
Fig 8.1 shows a sketch of the composite structure modeled. Upper layer is made of PZT
4, while lower one is made of steel
are considered to analyze fracture mechanics in this case. 
Fig 8.1: Sketch of composite smart specimen analyzed.  
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. Crack propagation in case of single and mixed modes 
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Main feature of this specimen is that only a part o
between two materials is introduced. The modeling activities inside the ABAQUS code 
are almost the same of previous analyses. The ISIGHT protocol was even used to allow 
communicating the two tools fracture and piezoel
 
2 Single mode crack propagation
Just in case the final configuration of specimen for the numerical investigation about 
single mode of crack propagation is described in Fig 8.2.
 
Fig 8.2: Sketch of composite in single mode A
As in chapter 7 the same flow of numerical investigation was followed to detect the 
sensitivity of fracture parameters upon loading and crack properties. Table 8.1 shows 
results of SIF and J-integral for a crack 
range of crack length for the sensitivity analysis is from 11 up to 27 mm. It is remarkable 
that from 20 to 27 mm crack propagates inside the piezoelectric material. 
propagation is shown in Fig 8.3.
 
 
 
f structure is active and an interface 
ectric analysis of the ABAQUS code.
 
 
 
 
length of 19 mm, where load from 50 to 500 N, 
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Table 8.1: SIF and J-Integral with varying load magnitude and crack length of 19 mm
Load [N] 50 100 150
SIF 
[MPa] 
73.13 146.2 219.3
J-Integral 
[N/mm] 
0.025 0.108 0.177
 
 
Fig 8.3: Stress distribution and crack propagation inside the composite specimen
In several steps of the numerical prediction made by ABAQUS, trends of J
plotted as a function of applied mechanical load (Fig 
respectively. Nonlinear behaviour and sensitivity of composite specimen are both evident.
 200 250 300 350 400
 292.5 365.6 438.8 511.9 585.0
 0.411 0.642 0.925 1.259 1.645
 
8.4) and crack length (Fig 8.5) 
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 450 500 
 658.1 731.3 
 2.081 2.570 
 
 
 
-integral are 
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Fig 8.4: J-Integral vs. load magnitude (without applying voltage) 
 
 
Fig 8.5: J-Integral vs. crack length (without applying voltage) 
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As Fig 8.6 shows the J-integral in each step exhibits a non-linear behaviour. Positive 
values of J-integral suggest that crack is opening in all the conditions. Nevertheless the 
last two points in each run are so distant because crack goes inside the piezo layer. In case 
of two layers of different materials the properties are changing, therefore values of J-
integral depend on the contour and region of specimen, which is analysed. 
 
Fig 8.6: J-integral in all conditions of different loads and crack length 
 
Fig 8.7: SIF for different crack length without applying voltage. 
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Fig 8.8: SIF for different loads magnitude without applying voltage 
SIF depends nonlinearly upon the crack length and almost linearly on applied load (Fig 
7.8 and 8.8). Even in Fig 8.9 increasing of values is more evident where piezoelectric 
layer is reached. 
 
Fig 8.9: SIF in all conditions of different loads and crack length 
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Fig 8.10 presents the correlation between Stress Intensity Factor and j-integral. 
 
Fig 8.10: J-Integral vs. SIF  
 
Behaviour of composite specimen looks similar to previous case when voltage is the 
excitation. Table 8.2 shows SIF and J-integral, for a crack length of 19mm, voltage 
variable from 10 to 100v and crack length range spamming from 11 to 27. 
 
Table 8.2: SIF and J-Integral with different Voltage and crack length of 19mm 
Voltage 
[V] 
10 20 30 40 50 60 70 80 90 100 
SIF [MPa] 30.53 61.07 91.604 122.15 152.72 183.24 213.80 244.30 274.83 305.38 
J-Integral 
[N/mm] 
0.004 0.018 0.0411 0.0732 0.1144 0.1647 0.2242 0.2928 0.3705 0.4575 
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Crack opening under 40 V is shown in following Fig 8.11. 
 
  
Fig 8.11: Stress distribution under voltage effect and crack propagation  
 
It is worthy noticing that when crack reaches the interface between steel and piezoelectric 
material first it stops. At that point it is very important analyzing the bending of structure. 
In this case metal contributes only with its inertia and stiffness, therefore propagation 
needs of a strong electric field applied to piezo, so large to bend the whole structure and 
providing the required energy to the fracture of piezoelectric layer too. Nevertheless, 
stiffness of piezoelectric layer looks affected by the tensile stress applied by the 
piezoelectric effect. In practice a “BARRIER EFFECT” is opposed by the active layer. 
This behaviour is more evident if J-integral is plotted vs. crack length as it drops down 
very fast above a certain crack length (Fig 8.12), although it grows up nonlinearly with 
voltage (Fig 8.13). 
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Fig 8.12: J-Integral vs. crack length  
 
Fig 8.13: J-Integral vs. voltage 
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It is remarkable that J-integral when it is driven by voltage is positive while in pure piezo 
it was negative. Tensile stress in piezoelectric layer is dominating. The sudden decreasing 
of J-integral in to the barrier effect is evident when the history of simulation is plotted as 
in Fig 8.14. 
 
Fig 8.14: J-integral in all conditions of different loads and crack length 
 
Fig 8.15: SIF for different crack length (without applying external force) 
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Fig 8.16: SIF for different voltage magnitude (without applying external force) 
Fig 8.15 and 8.16 confirm the trend already seen for the J-integral even for the SIF. 
According to the Fig 8.17, barrier effect is evident. Correlation between J-integral and 
Stress Intensity factor is much more nonlinear in this case (Fig 8.18) 
 
Fig 8.17: SIF in all conditions of different voltage and crack length 
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Fig 8.18: J
3 Mixed mode crack propagation
Mixed mode C was then analyzed upon 
mm 20 mm 
 
 
Fig 8.19: The sketch of composite specimen mixed mode C
-Integral against SIF values in all point 
 
 
specimen shown in Fig 8.19. 40 mm 74 mm 36 
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Influence of pure mechanical load on the SIF and J-integral is analyzed in Table 8.3. 
 
Table 8.3: SIF and J-Integral with different load magnitude with crack length of 19mm 
Load 
(N) 
10 20 30 40 50 60 70 80 90 100 
KI[MPa] 1.874 3.74 5.623 7.49 9.372 11.2 13.12 14.992 16.866 18.744 
KII[MPa] -0.94 -1.8 -2.83 -3.77 -4.72 -5.66 -6.609 -7.555 -8.499 -9.443 
J-Integral 
[N/mm] 
2.1 e-5 8 e-5 1.88e-4 3.3 e-4 5.2 e-4 7.5 e-4 0.00102 0.00134 0.00169 0.00209 
 
Local concentrations of stress and crack propagation are shown in Fig 8.20. 
 
Fig 8.20: Stress distribution in composite specimen under load of 20 N and crack 
propagation 
J-integral nonlinearly follows the applied load (Fig 8.2) and crack length growth (Fig 
8.22) as usual even in metallic components. 
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Fig 8.21: J-Integral vs. loads magnitude (without applying voltage) 
 
Fig 8.22: J-Integral vs. crack length (without applying voltage) 
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Trend of J-integral is monotonic. When Stress Intensity Factors are analyzed, it can be 
remarked that values increase both with crack length, although in mode II (Fig 8.23 and 
8.24).  
 
Fig 8.23: SIF for different crack length (without applying voltage)
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The ABAQUS code releases a negative KII, in this case since sliding mode is undergoing 
a relative motion of fracture goes instead of frontal decohesion, this sign is poorly 
relevant for the damage mechanism.  
 
 
 
Fig 8.24: SIF vs. load magnitude without applying voltage 
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Convergence is good in each step of simulation, as Fig 8.25.
 
Fig 8.25: SIF in all conditions of different load and crack length
Relations between SIF and J
expected. 
As soon as voltage is applied as excitation the barrier effect is found. Table 8.4 collects 
SIF and J-integral for crack length of 19mm, voltage spamming from 20 to 200 V, while 
crack length is 11 to 27 mm in sensitivity analysis
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-integral in both modes are smoothly nonlinear, as it was 
   
Fig 8.26: J-Integral vs. SIF 
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Table 8.4: SIF and J-Integral with different Voltage and the crack length of 19mm
Voltage 
[V] 
20 40 
KI[MPa] 78.19 142.82 207.4
KII[MPa] 8.694 31.57 54.44
J-Integral 
[N/mm] 
0.0294 0.1018 0.219
 
Crack opening under 80 V is shown in Fig 8.27.
 
Fig 8.27: Crack propagation under 80V and electric potential
It can be remarked that crack propagation is slightly rotate at tip, although mixed mode 
propagation is analyzed. One again barrier effect motivated the trends of j
8.28, although it grows up as voltage increases.
60 80 100 120 140 160
 272.1 336.74 401.36 466.00 530.50
 77.282 100.158 123.009 145.862 168.756
 0.3810 0.5877 0.8391 1.1354 1.4757
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 180 200 
 595.39 659.75 
 191.576 214.501 
 1.8628 2.2918 
 
 
-integral in fig 
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Fig 8.28: J-Integral vs. crack length with different voltage (without force) 
 
 
Fig 8.29: J-Integral vs. voltage magnitude (without force) 
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Similarly SIF diagrams in Fig8.30 show a very effective barrier effect in mode I and a 
smoother effect in mode II.
 
Fig 8.30: SIF vs. crack length (without applying external force)
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Fig 8.31: SIF vs. voltage magnitude (without applying external force)  
   
Finally Fig 8.32 describes the correlation between Stress Intensity Factor and J-integral.  
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4 Crack propagation path
Since a main goal of the thesis is predicting the fracture behaviors inside piezoelectric 
layer and in smart components with surface bounded piezoelectric in both active and 
passive configuration a resu
 
4.1 Crack propagation in single fracture mode of pure piezoelectric layer
Crack growth in single mode of fracture inside a pure piezoelectric specimen was 
analyzed in both boundary conditions i.e. under a 
of an applied electric field. As Fig 8.33 and 8.34 demonstrate when force is loading the 
specimen, crack growth proceeds up to rupture of specimen material. By convers when 
voltage acts as driving load, crack propagat
start again and put the propagation up to rupture a large electric field is required. This 
looks like a “barrier effect”, being even related to the high charge concentration around 
the crack tip. 
 
   
Fig 8.32: J-Integral vs. SIF  
 
 
 
me of relevant results is herein proposed. 
mechanical force and under the voltage 
ion stops when a certain length is reached. To 
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Fig 8.33: Crack propagation in single mode of fracture with mechanical force as in a 
sensor 
 
Fig 8.34: Crack propagation in single mode of fracture with voltage applied as in an 
actuator 
 
4.2 Crack propagation in mixed mode fracture of pure piezo 
In case of mixed of fracture mechanics (Fig 8.35 and 8.36), when mechanical load is 
applied, crack growth shows angle of 45 degree with x-direction. It is due to the stronger 
action of force being larger than voltage created inside the specimen because of 
piezoelectric effect. When voltage is driving crack propagation occurs along the vertical 
direction such as in single mode. Crack propagates according to displacements imposed 
by electric field around the crack tip without any deviation.  
 
Fig 8.35: Crack propagation in mixed mode of fracture (with force) 
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Fig 8.36: Crack propagation in mixed mode of fracture (with voltage) 
 
4.3 Crack propagation in single mode fracture of composite piezoelectric 
specimen  
In case of composite specimens with surface bounded piezoelectric layer (Fig 8.37 and 
8.38). Crack propagates along the vertical direction in both cases, when force and voltage 
are loading the structure in single mode of fracture mechanics. In case of force driven 
crack propagates inside the steel then it passes through the piezo electric layer up to 
rupture. If voltage is applied crack propagates inside the steel then stops when it reaches 
the interface between the two materials.  
 
Fig 8.37: Crack propagation in single mode of fracture with force (composite material) 
 
Fig 8.38: Crack propagation in single mode of fracture with voltage (composite material) 
Fracture of smart composite structure with piezoelectric and metallic layers 
 
202 
 
4.4 Crack propagation in mixed mode fracture of composite piezoelectric 
specimen  
Finally crack propagation in mixed mode of composite piezoelectric is considered. Crack 
is propagated along a direction rotated of 45 degrees but under mechanical action, it 
breaks both materials, and its direction changes at interface (Fig 8.39). When voltage is 
applied to the specimen, crack never passes to the piezoelectric layer because the bending 
moment is applied to the steel part by the piezoelectric layer, being in this case under 
effect of tensile load and even structure (Fig 8.40).  
 
 
Fig 8.39: Crack propagation in mixed mode of fracture with force (composite material) 
 
 
Fig 8.40: Crack propagation in mixed mode of fracture with voltage (composite material) 
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CONCLUSION 
 
 
 
 
The main goal of this thesis was understanding better what are the typical behaviour of 
piezoelectric layer in case of either passively coupled (force driven-sensor) and actively 
coupled (voltage driven-actuator) undergoing crack propagation. Surprisingly the 
literature look still very poor of contributions in this field and only some preliminary 
elaboration of very well assessed analytical methods already available at the state of arts 
was proposed. 
They are unsuitable for an effective prediction of fracture mechanics in smart structure 
having complex geometries as they are currently manufactured for several industrial 
applications. Need for a suitable numerical approach to be used in tight cooperation with 
some commercial tool immediately looked urgent. To cope with this first need the 
ABAQUS code was selected, because of the effectiveness demonstrated and tested by 
several authors of its modules dedicated to fracture analysis and piezoelectricity. 
Nevertheless a severe limitation occurred as soon as the two modules were tentatively 
connected by the author to investigate the fracture behaviour in piezoceramics. Even this 
problem was solved by resorting to the ISIGHT tool, which allows configuration a 
numerical protocol for a complex numerical investigation inside the ABAQUS code by 
listing and connecting the commands useful to start the required subroutine and to define 
a suitable flow of inputs and outputs for a coupled simulation as it is, in this case, that 
performed by the fracture mechanics and piezoelectric modules respectively. 
This activity required a deep understanding and learning about both the ABAQUS 
modulus involved. Therefore fracture analysis was first performed on single and standard 
specimens for fracture bending tests mode of AISI 4340 steel, being already deeply 
studied and used in the literature. 
Analysis was performed by calculating the Stress Intensity Factor and the J-integral as 
suggested in the literature, for mode I and mixed mode I and II. Results were checked 
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with experiments and numerical investigations available in the literature. Crack 
propagation was even predicted by resorting to the XFEM approach, as a first result, the 
thesis assessed suitable procedure for this kind of activity performed by means of 
ABAQUS code. It was immediately used for a benchmarking with other tools used by the 
EPF-School of Engineering in Sceaux for prediction of the crack propagation and life of 
welded joint. Experimental validation was even performed thus confirming the 
effectiveness of the numerical tool proposed. After this second original contribution a 
third task was developed. Crack propagation in some piezoelectric structure made of 
PZT-4 was analyzed for the same cased of steel specimen and by considering a pure 
piezoelectric layer and a composite made with a upper piezoelectric layer and lower 
metallic structure. Two loading conditions were compared. A first case in which some 
mechanical action is applied to the bimorph of piezoelectric and steel material and a 
second one corresponding to a direct activation operated by the electric field through the 
voltage applied to the piezoelectric electrodes. 
The relevant results are that crack propagation is fairly different across the steel and 
piezoceramic because of their different properties. In particular, in passive configuration 
a crack propagation through the steel easily breaks the piezoceramic if only a mechanical 
force is applied, speed of propagation increases and might make unstable the fracture. By 
converse when bending is driven by voltage a sort of “BARRIER EFFECT” is opposed 
by the piezoelectric layer because of a superposition of phenomenon. Local distribution 
of stress around the tip is greatly affected by the piezoelectric phenomenon, which can 
reduce the capability of material to allow cracking. In some cases starching of the 
piezoelectric layer increases its stiffness and toughness, by reducing the crack 
propagation. Somehow proximity of crack tip to free surface with concentrated electric 
charges seems to be favorable to reduce the crack propagation. This phenomenon looks 
the most original observation of this study, which simultaneously assessed a suitable 
numerical tool for fracture analyses, A deep experimental validation of specimens of 
smart composite is required to confirm the above described prediction. To develop this 
task a dedicated design of experiments is required as well as a suitable number of 
specimens. 
Last but not least such as experimental activity requires a suitable amount of financial 
supports and a tight cooperation together with a manufacturer of PZT structure. This 
motivation made unpractical adding this experimental validation to the first performed on 
Conclusion 
 
205 
 
the welded joints, although the numerical predictions obtained look agreeing with some 
typical observations documented in the literature about the failure of PZT patches used in 
smart material systems.  
Performing some experimental tests to validate the results in case of fracture mechanics 
inside piezoelectric materials, even when the piezoelectric material is cracking at the 
begining and also designing the specimen in the way that the boundary condition in 
composite specimen has a possible displacement between two layers can be considered as 
future work. 
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APPENDIX A 
 
 
 
 
 
The python code, which is used to model the crack propagation inside the piezoelectric 
specimen inside the ABAQUS. 
*Heading 
** Job name: Crack-propagation Model name: Model-1 
** Generated by: Abaqus/CAE 6.12-1 
*Preprint, echo=NO, model=NO, history=NO, contact=NO 
** 
** PARTS 
** 
*Part, name=crack 
*End Part 
**   
*Part, name=plate 
*Node 
      1,         180.,           0. 
      2,         180.,           1. 
       . 
       . 
   7420,           0.,          39. 
   7421,           0.,          40. 
*Element, type=CPE4E 
   1,    1,    2,   43,   42 
   2,    2,    3,   44,   43 
    . 
    . 
7199, 7378, 7379, 7420, 7419 
7200, 7379, 7380, 7421, 7420 
*Nset, nset=_PickedSet3, internal, generate 
    1,  7421,     1 
*Elset, elset=_PickedSet3, internal, generate 
    1,  7200,     1 
*Nset, nset=_PickedSet5, internal, generate 
    1,  7421,     1 
*Elset, elset=_PickedSet5, internal, generate 
    1,  7200,     1 
*Nset, nset=_PickedSet9, internal, generate 
    1,  7421,     1 
*Elset, elset=_PickedSet9, internal, generate 
    1,  7200,     1 
*Orientation, name=Ori-2 
          1.,           0.,           0.,           0.,           1.,           0.3,   0. 
** Section: plate 
*Solid Section, elset=_PickedSet3, orientation=Ori-2, material=pzt 
1., 
*End Part 
**   
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** ASSEMBLY 
** 
*Assembly, name=Assembly 
**   
*Instance, name=crack-1, part=crack 
*End Instance 
**   
*Instance, name=plate-1, part=plate 
*End Instance 
**   
*Nset, nset=_PickedSet6, internal, instance=plate-1, generate 
    1,  7421,     1 
*Elset, elset=_PickedSet6, internal, instance=plate-1, generate 
    1,  7200,     1 
*Nset, nset=_PickedSet8, internal, instance=plate-1 
 3731, 
*Nset, nset=_PickedSet9, internal, instance=plate-1 
 6971, 
*Nset, nset=_PickedSet10, internal, instance=plate-1 
 411, 
*Enrichment, name=Crackpiezo, type=PROPAGATION CRACK, elset=_PickedSet6, interaction=IntProp-
1 
*End Assembly 
**  
** MATERIALS 
**  
*Material, name=pzt 
*Damage Initiation, criterion=MAXPS 
90., 
*Damage Evolution, type=ENERGY, mixed mode behavior=POWER LAW, power=1. 
 0.06, 0.06, 0.06 
*Dielectric, type=ANISO 
 7e-09,    0., 6e-09,    0.,    0., 6e-09 
*Elastic, type=ORTHOTROPIC 
 1.45e+11, 7.98e+10, 1.45e+11, 7.86e+10, 7.86e+10, 1.13e+11, 2.56e+10, 2.56e+10 
 3.06e+10, 
*Piezoelectric 
0.,    0.,    0.,   14.,    0.,    0., -6.98,   14. 
-6.98,    0.,    0.,    0.,    0.,    0.,    0.,    0. 
0.,  14.1 
**  
** INTERACTION PROPERTIES 
**  
*Surface Interaction, name=IntProp-1 
1., 
*Initial Conditions, type=ENRICHMENT 
plate-1.3580, 1,Crackpiezo, -1., -1. 
plate-1.3580, 2,Crackpiezo, -1., 0. 
plate-1.3580, 3,Crackpiezo, 1e-06, 0. 
plate-1.3580, 4,Crackpiezo, 1e-06, -1. 
plate-1.3561, 1,Crackpiezo, -1. 
plate-1.3561, 2,Crackpiezo, -1. 
plate-1.3561, 3,Crackpiezo, 1e-06 
plate-1.3561, 4,Crackpiezo, 1e-06 
**  
** BOUNDARY CONDITIONS 
**  
** Name: BC-1 Type: Displacement/Rotation 
*Boundary 
_PickedSet9, 2, 2 
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** Name: BC-2 Type: Displacement/Rotation 
*Boundary 
_PickedSet10, 1, 1 
_PickedSet10, 2, 2 
** ---------------------------------------------------------------- 
**  
** STEP: crackgrowth 
**  
*Step, name=crackgrowth, nlgeom=YES, inc=100000 
*Static 
0.01, 1., 1e-09, 0.01 
**  
** LOADS 
**  
** Name: Force   Type: Concentrated force 
*Cload 
_PickedSet8, 2, -250. 
**  
** INTERACTIONS 
**  
** Interaction: Int-1 
*Enrichment Activation, name=Crackpiezo, activate=ON 
**  
** CONTROLS 
**  
*Controls, reset 
*Controls, analysis=discontinuous 
*Controls, parameters=time incrementation 
, , , , , , , 20, , ,  
**  
** OUTPUT REQUESTS 
**  
*Restart, write, frequency=0 
*Print, solve=NO 
**  
** FIELD OUTPUT: F-Output-1 
**  
*Output, field 
*Node Output 
CF, PHILSM, PSILSM, RF, U 
*Element Output, directions=YES 
LE, PE, PEEQ, PEMAG, S, STATUSXFEM 
*Contact Output 
CDISP, CSTRESS 
**  
** HISTORY OUTPUT: H-Output-1 
**  
*Output, history, variable=PRESELECT 
*End Step  
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APPENDIX B 
 
 
 
 
 
 
The python code, which is used to model the crack propagation inside the composite 
specimen (metal + ceramic) inside the ABAQUS. 
 
*Heading 
** Job name: bb50 Model name: Model-1 
** Generated by: Abaqus/CAE 6.12-1 
*Preprint, echo=NO, model=NO, history=NO, contact=NO 
** 
** PARTS 
** 
*Part, name=Part-1 
*Node 
      1,  0.180000007, 0.0301251542 
      2,  0., 0.0301251542 
       . 
       . 
    9044,  0.178203478, 0.0391022861 
   9045,  0.179101735, 0.0391022861 
*Element, type=CPE4R 
   1,    1,   10,  688,  469 
   2,   10,   11,  689,  688 
    . 
    . 
8799, 9044, 9045,  545,  546 
8800, 9045,  479,    8,  545 
*Nset, nset=Set-3 
    1,    2,    7,    8,    9,   10,   11,   12,   13,   14,   15 . . . 7044, 7045, 7046, 7047, 7048, 7050.                                                                                                            
*Elset, elset=Set-4, generate 
    1,  6600,     1 
** Section: Section-2 
*Solid Section, elset=Set-4, material=ceramic 
0.03, 
** Section: Section-1 
*Solid Section, elset=Set-3, material=Material-1 
0.03, 
*End Part 
**   
*Part, name=Part-2 
*End Part 
**   
** ASSEMBLY 
** 
*Assembly, name=Assembly 
**   
*Instance, name=Part-1-1, part=Part-1 
*End Instance 
**   
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*Instance, name=Part-2-1, part=Part-2 
*End Instance 
**   
*Nset, nset=_PickedSet8, internal, instance=Part-1-1 
 7, 
*Nset, nset=_PickedSet9, internal, instance=Part-1-1 
 4, 
*Nset, nset=_PickedSet10, internal, instance=Part-1-1 
 3, 
*Nset, nset=_PickedSet11, internal, instance=Part-1-1, generate 
    1,  9045,     1 
*Elset, elset=_PickedSet11, internal, instance=Part-1-1, generate 
    1,  8800,     1 
*Enrichment, name=Crack-1, type=PROPAGATION CRACK, elset=_PickedSet11, interaction=IntProp-1 
*End Assembly 
**  
** MATERIALS 
**  
*Material, name=Material-1 
*Damage Initiation, criterion=MAXPS 
 7.45e+08, 
*Damage Evolution, type=ENERGY, mixed mode behavior=POWER LAW, power=1. 
 11904.7, 11904.7, 11904.7 
*Damage Stabilization 
1e-05 
*Density 
7850., 
*Elastic 
 2.1e+11, 0.29 
*Plastic 
    4e+07,    0. 
  2.2e+08, 0.001 
  4.5e+08, 0.002 
  6.6e+08, 0.003 
    9e+08, 0.004 
 1.15e+09, 0.005 
 1.35e+09, 0.006 
 1.46e+09, 0.007 
  1.5e+09, 0.008 
 1.52e+09, 0.009 
 1.53e+09,  0.01 
 1.54e+09, 0.015 
 1.55e+09,  0.02 
*Material, name=ceramic 
*Damage Initiation, criterion=MAXPS 
 3.6e+08, 
*Damage Evolution, type=ENERGY, mixed mode behavior=POWER LAW, power=1. 
 20.46, 20.46, 20.46 
*Damage Stabilization 
1e-05 
*Density 
3300., 
*Elastic 
 3.3e+11, 0.24 
**  
** INTERACTION PROPERTIES 
**  
*Surface Interaction, name=IntProp-1 
1., 
*Surface Interaction, name=IntProp-2 
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1., 
*Initial Conditions, type=ENRICHMENT 
Part-1-1.2356, 1,Crack-1, -0.000350001, 8.34371e-05 
Part-1-1.2356, 2,Crack-1, 0.000549999, 8.34361e-05 
Part-1-1.2356, 3,Crack-1, 0.000563636, -0.000829448 
Part-1-1.2356, 4,Crack-1, -0.000336364, -0.000829447 
Part-1-1.2556, 1,Crack-1, -0.000336364 
Part-1-1.6356, 4,Crack-1, -6.36354e-05 
Part-1-1.6556, 1,Crack-1, -6.36354e-05 
Part-1-1.6556, 2,Crack-1, 0.000836361 
Part-1-1.6556, 3,Crack-1, 0.000849999 
Part-1-1.6556, 4,Crack-1, -5.00008e-05 
**  
** BOUNDARY CONDITIONS 
**  
** Name: BC-1 Type: Displacement/Rotation 
*Boundary 
_PickedSet9, 1, 1 
_PickedSet9, 2, 2 
** Name: BC-2 Type: Displacement/Rotation 
*Boundary 
_PickedSet10, 2, 2 
**  
** STEP: Step-1 
**  
*Step, name=Step-1, nlgeom=YES, inc=100000 
*Dynamic 
0.01,2.,1e-09 
**  
** LOADS 
**  
** Name: Load-1   Type: Concentrated force 
*Cload 
_PickedSet8, 2, -50000. 
**  
** CONTROLS 
**  
*Controls, reset 
*Controls, parameters=time incrementation 
8, 10, , , , , , 20, , ,  
**  
** OUTPUT REQUESTS 
**  
*Restart, write, frequency=0 
*Print, solve=NO 
**  
** FIELD OUTPUT: F-Output-1 
**  
*Output, field 
*Node Output 
A, CF, PHILSM, PSILSM, RF, U, V 
*Element Output, directions=YES 
LE, PE, PEEQ, PEMAG, S, STATUSXFEM 
*Contact Output 
CDISP, CSTRESS 
**  
** HISTORY OUTPUT: H-Output-1 
**  
*Output, history, variable=PRESELECT 
*End Step  
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APPENDIX C 
 
 
 
 
 
 
The python code, which is used to model the welded structure inside the ABAQUS to 
analysis the Stress Intensity factor and J-Integral. 
 
*Heading 
** Job name: 111 Model name: Model-1 
** Generated by: Abaqus/CAE 6.12-1 
*Preprint, echo=NO, model=NO, history=NO, contact=NO 
** 
** PARTS 
** 
*Part, name=Part-1 
*End Part 
**   
** ASSEMBLY 
** 
*Assembly, name=Assembly 
**   
*Instance, name=Part-1-1, part=Part-1 
*Node 
      1, 0.0250000004, -0.0319999754 
      2,           0., -0.0319999754 
       . 
       .  
  20813, 0.0345993713, -0.00146585598 
  20814, 0.0343711637, -0.00137293909 
*Element, type=CPS4R 
  1,    1,   24, 1560,  107 
  2,   24,   25, 1561, 1560 
   . 
   . 
20350,    19,    19, 18757, 18764 
20351,    19,    19, 18764,  1421 
*Element, type=CPS3 
18087, 18797, 18789, 18786 
*Nset, nset=Set-1, generate 
     1,  20814,      1 
*Elset, elset=Set-1, generate 
     1,  20351,      1 
** Section: Section-1 
*Solid Section, elset=Set-1, material=Material-1 
0.06, 
*End Instance 
**   
*Nset, nset=_PickedSet79, internal, instance=Part-1-1 
 19, 
*Nset, nset=_PickedSet80, internal, instance=Part-1-1 
 19, 
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*Nset, nset=Set-62, instance=Part-1-1 
    2,    3,    6,    8,    9,   12,   23,   47,   48,   49,   50,   51,   52,   53,   54,   55 
   56,   57,   58,   59,   60,   61 … 1499, 1500, 1501, 1502, 1503, 1504, 1505, 1506, 1507. 
*Elset, elset=Set-62, instance=Part-1-1 
    24,    48,    72,    96,   120,   144,   168,   192,   216,   240,   264,   288,   312,   336,   360,   384 
   408,   432,   456,   480,   504,   528 . . . 19214, 19238, 19262, 19286, 19310, 19334 
*Elset, elset=_Surf-4_S4, internal, instance=Part-1-1, generate 
 1609,  7567,   331 
*Elset, elset=_Surf-4_S3, internal, instance=Part-1-1, generate 
 17798,  17827,      1 
*Surface, type=ELEMENT, name=Surf-4 
_Surf-4_S4, S4 
_Surf-4_S3, S3 
*End Assembly 
**  
** MATERIALS 
**  
*Material, name=Material-1 
*Elastic 
 2.1e+11, 0.3 
**  
** BOUNDARY CONDITIONS 
**  
** Name: BC-1 Type: Symmetry/Antisymmetry/Encastre 
*Boundary 
Set-62, PINNED 
**  
** STEP: Step-1 
**  
*Step, name=Step-1, inc=100000 
*Static 
0.1, 1., 1e-05, 0.1 
**  
** LOADS 
**  
** Name: Load-1   Type: Pressure 
*Dsload 
Surf-4, P, -1.5e+08 
**  
** OUTPUT REQUESTS 
**  
*Restart, write, frequency=0 
**  
** FIELD OUTPUT: F-Output-1 
**  
*Output, field, variable=PRESELECT 
*Output, history, frequency=0 
**  
** HISTORY OUTPUT: H-Output-1 
**  
*Contour Integral, crack name=H-Output-1_Crack-1, contours=5, crack tip nodes, type=K FACTORS, 
direction=MERR 
_PickedSet79, _PickedSet80, 0., -1., 0. 
*End Step  
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APPENDIX D 
 
 
 
 
 
 
 
 
 
Matlab code, which is used to calculate different fracture mechanics parameters in case of 
welded structure according to the ABAQUS results. 
 
%%%%%%%%%% J-INTEGRAL %%%%%%%%%%%% 
%IT'S NECESSARY TO GIVE FILENAME.*** IN THE CORRECT ZONE 
format short e 
clear all 
clc 
close all 
%%%%%%%%%%%%%%%%PLANE STRESS%%%%%%%%%%%%%%% 
%%GENERAL DATA 
v= 0.36 ; %POISSON COEFFICIENT 
E= 2300 ; % YOUNG MODULUS [MPa] 
op=0 ; % OPENING ANGLE [degree] 
lambda=0.5; %DEGREE OF SINGULARITY 
ray=[1;1.1;1.2;1.3;1.55;1.8;2.05;2.3;2.8;3.3]; %VECTOR OF MESH RADIUS 
results=xlsread('SPECIMEN_CRACK.xlsx','STRESS'); %READING RESULTS 
FROM EXCEL 
psi=pi/2; %ANGLE FROM CRACK AND CAE 
FRAME 
Annexe I 
A2 
cont=0; %INITIALIZATION 
%% CYCLES OF ALL COMBINATION 
for kk=10:-1:1 
r=ray(kk); %RADIUS OF FEM COMPUTATION 
%DATA ACQUISITION FROM MATRIX RESULTS 
dist=results(:,1); 
Ux= results(1:end,(kk*5-3)); %X DISPLACEMENT 
Uy= results(1:end,(kk*5-3)+1);% Y DISPLACEMENT 
Sx= results(1:end,(kk*5-3)+2); % STRESS ALONG X AXIS 
Sy= results(1:end,(kk*5-3)+3); % STRESS ALONG Y AXIS 
Sxy= results(1:end,(kk*5-3)+4); % STRESS ALONG XY DIRECTION 
for ww=(kk-1):-1:1; 
ra=ray(ww); % RADIUS OF ASYMPTOTIC 
COMPUTATION 
cont=cont+1; 
%%%%%%%%%%% J FEM COMPUTATION 
%%GEOMETRY CONSIDERATION 
n=size(Ux,1); %NUMBER OF DIVISION 
cpsi=cos(psi); 
spsi=sin(psi); 
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op=op*pi/180; 
b=2*pi-op; 
for i=1:n %ANGLE TETA OF EACH DATA 
teta(i)=dist(i)*b+op/2-pi; 
end 
deltax=zeros(n,1); 
deltay=zeros(n,1); 
dteta=zeros(n,1); 
dl=zeros(n,1); 
for i=1:n-1 % ANGLE BETWEEN EACH DATA 
dteta(i)=teta(i+1)-teta(i); 
dl(i)= dteta(i)*r; %ARC LENGHT 
deltax(i)=dl(i)*cos(dteta(i)); %X DISTANCE IN CRACK FRAME 
deltay(i)=dl(i)*sin(dteta(i)); %Y DISTANCE IN CRACK FRAME 
end 
dteta(n)=dteta(n-1); 
dl(n)=dl(n-1); 
deltax(n)=deltax(n-1); 
deltay(n)=deltay(n-1); 
deltaX=cpsi*deltax-spsi*deltay; %X DISTANCE IN CAE FRAME 
deltaY=cpsi*deltay+spsi*deltax; %Y DISTANCE IN CAE FRAME 
%STRAIN COMPUTATION FROM DISPLACEMENT 
Ex=zeros(n,1); 
Ey=zeros(n,1); 
Exy=zeros(n,1); 
for i=1:n-1 
Ex(i)= (Ux(i+1)-Ux(i))/deltaX(i); 
Ey(i)= (Uy(i+1)-Uy(i))/deltaY(i); 
Exy(i)=0.5*((Ux(i+1)-Ux(i))/deltaY(i)+(Uy(i+1)-Uy(i))/deltaX(i)); 
end 
Ex(n)=Ex(n-1); 
Ey(n)=Ey(n-1); 
Exy(n)=Exy(n-1); 
Annexe I 
A3 
%J COMPUTATION 
W=0.5*(Sx.*Ex+Sy.*Ey+2*Exy.*Sxy); 
W2=W.*deltay; 
T=Sx.*cpsi.*Ex.*deltaY+Sx.*spsi.*Exy.*deltaY+Sxy.*cpsi.*Exy.*deltaY+Sxy.*sp 
si.*Ey.*deltaY - 
(Sxy.*cpsi.*Ex.*deltaX+Sxy.*spsi.*Exy.*deltaX+Sy.*cpsi.*Exy.*deltaX+Sy.*sps 
i.*Ey.*deltaX); 
J=W2-T; 
JFEM(cont)=sum(J); 
%%ASYMPTOTICAL DEDUCTION 
Uxa=Ux*((ra/r)^lambda); 
Uya=Uy*((ra/r)^lambda); 
Sxa=Sx*((ra/r)^lambda); 
Sya=Sy*((ra/r)^lambda); 
Sxya=Sxy*((ra/r)^lambda); 
dista=dist; 
for i=1:n %ANGLE TETA OF EACH DATA 
tetaa(i)=dista(i)*b+op/2-pi; 
end 
deltaxa=zeros(n,1); 
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deltaya=zeros(n,1); 
dtetaa=zeros(n,1); 
dla=zeros(n,1); 
for i=1:n-1 % ANGLE BETWEEN EACH DATA 
dtetaa(i)=teta(i+1)-teta(i); 
dla(i)= dtetaa(i)*r; %ARC LENGHT 
deltaxa(i)=dla(i)*cos(dtetaa(i)); %X DISTANCE IN CRACK FRAME 
deltaya(i)=dla(i)*sin(dtetaa(i)); %Y DISTANCE IN CRACK FRAME 
end 
dtetaa(n)=dtetaa(n-1); 
dla(n)=dla(n-1); 
deltaxa(n)=deltaxa(n-1); 
deltaya(n)=deltaya(n-1); 
deltaXa=cpsi*deltaxa-spsi*deltaya; %X DISTANCE IN CAE FRAME 
deltaYa=cpsi*deltaya+spsi*deltaxa; %Y DISTANCE IN CAE FRAME 
%STRAIN COMPUTATION FROM DISPLACEMENT 
Exa=zeros(n,1); 
Eya=zeros(n,1); 
Exya=zeros(n,1); 
for i=1:n-1 
Exa(i)= (Uxa(i+1)-Uxa(i))/deltaXa(i); 
Eya(i)= (Uya(i+1)-Uya(i))/deltaYa(i); 
Exya(i)=0.5*((Uxa(i+1)-Uxa(i))/deltaYa(i)+(Uya(i+1)-Uya(i))/deltaXa(i)); 
end 
Exa(n)=Exa(n-1); 
Eya(n)=Eya(n-1); 
Exya(n)=Exya(n-1); 
%J COMPUTATION 
Wa=0.5*(Sxa.*Exa+Sya.*Eya+2*Exya.*Sxya); 
W2a=Wa.*deltaya; 
Annexe I 
A4 
Ta=Sxa.*cpsi.*Exa.*deltaYa+Sxa.*spsi.*Exya.*deltaYa+Sxya.*cpsi.*Exya.*delta 
Ya+Sxya.*spsi.*Eya.*deltaYa - 
(Sxya.*cpsi.*Exa.*deltaXa+Sxya.*spsi.*Exya.*deltaXa+Sya.*cpsi.*Exya.*deltaX 
a+Sya.*spsi.*Eya.*deltaXa); 
Jaa=W2a-Ta; 
JA(cont)=sum(Jaa); 
end 
end 
JFEM 
JA 
Jratio=JFEM./JA; 
figure 
plot(JFEM) 
hold on 
plot(JA,'r') 
title 'PLANE STRESS JA-JEM CRACK' 
legend 'Jfem' 'Ja' 
xlabel 'Combinations of contours' 
ylabel 'J value [MPamm]' 
figure 
plot(Jratio) 
title 'PLAINE STRESS J RATIO CRACK' 
xlabel 'Combinations of contours' 
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ylabel 'Ratio between FEM and asymptotic' 
figure 
plot(JFEM/0.00055) 
title 'RATIO WITH ABAQUS RESULTS' 
xlabel 'Combinations of contours' 
ylabel 'Ratio between FEM and Abaqus' 
clear all 
%%%%%%%%%% PARIS COEFFICIENTS %%%%%%%%%%% 
%%%%%%%II APPROACH J-INTEGRAL%%%%%%%%%%%% 
format short e 
clear all 
clc 
close all 
%DATA READING 
%Experimental results loading and data definitions 
results=xlsread('RESULTS_A.xlsx','NOUT'); 
results=abs(results); 
nn=size(results,2); 
E=210000; %YOUNG MODULUS [MPa] 
v=0.3; %POISSON MODULUS 
i=1; 
ind=1; 
sigma=150 ; %AXIAL STRESS [MPa] 
partition=[0.95,0.8,0.7,0.5,0.3,0.2,0.1,0.05]; %CRACK LENGTH PARTITION 
%K INTERPOLATION 
k=@(x)30000000*(x.^3)-197316*(x.^2)+4249*x+7.6; %INTERPOLATING K VIA 
JINTEGRAL 
FUNCTION 
Annexe I 
A5 
%DATA EXTRAPOLATION 
%Creating a vector of cycles and crack length data 
while i<= nn-1 
crac(:,ind)=results(:,i+1)/1000; 
cycl(:,ind)=results(:,i); 
i=i+2; 
ind=ind+1; 
end 
nn=size(crac,2); 
mm=size(crac,1); 
%%%%%%%%%%%PARIS PLOT%%%%%%%%%%%%%%%% 
%Once made the numerical derivative and computed the K values the 
%Paris plot of all the specimens is plotted 
for i=1:nn 
for j=1:mm-1 
dadN(j,i)=abs((crac(j+1,i)-crac(j,i))/(cycl(j+1,i)-cycl(j,i))); 
dK(j,i)=k((crac(j+1,i)+crac(j,i))/2); 
end 
end 
dadN(j+1,:)=dadN(j,:); 
dK(j+1,:)=dK(j,:); 
figure 
loglog(dK,(dadN),'.','MarkerSize',5) 
title 'CRACK GROWTH' 
ylabel 'dadN [m/cycle]' 
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xlabel 'deltaK[MPam^1/2]' 
figure 
plot(crac,dK,'.','MarkerSize',5) 
title 'DELTAK IN FUNCTION OF CRACK SIZE' 
ylabel 'DELTA K[MPam^1/2]' 
xlabel 'Crack length [m]' 
%%%%%%%%%%%%%%%%%%%C,n 
INTERPOLATION%%%%%%%%%%%%%%%%%%%%%%%%% 
%For each specimen the C ,n with R-square values are computed 
%thanks to the least square methods. 
%Logarithmic transformation 
logda=log10(dadN); 
logdk=log10(dK); 
CONT=0; 
%cycle for different crack lengths 
for k=1:7 
alfa=partition(k); 
CONT=CONT+1; 
%cycle for all specimens 
for i=1:nn 
Aproto=logdk(:,i); 
Bproto=logda(:,i); 
%elimination of Nan and Inf values 
Aproto(isnan(Aproto))=[]; 
Bproto(isnan(Bproto))=[]; 
Aproto(isinf(Bproto))=[]; 
Bproto(isinf(Bproto))=[]; 
%setting the crack length 
vita=length(Bproto); 
quantile=round(vita*alfa); 
Annexe I 
A6 
iniz=round(vita*partition(8)); 
%Interpolation 
A=Aproto(iniz:quantile); 
B=Bproto(iniz:quantile); 
p=polyfit(A,B,1); 
n(i)=p(1,1); 
C(i)=p(1,2); 
Bstim=C(i)+n(i).*A; 
Bmed(i)=mean(B); 
devt=(B-Bmed(i)).^2; 
devsp=(Bstim-Bmed(i)).^2; 
DT(i)=sum(devt); 
DSP(i)=sum(devsp); 
%R,n,C values 
R2(i)=DSP(i)/DT(i); 
A=10.^A; 
B=10.^B; 
Bstim=10.^Bstim; 
%figure 
%loglog(A,B,'*') 
%hold on 
%loglog(A,Bstim,'r') 
clear A B Aproto Bproto p Bstim devt devst vita quantile 
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end 
R2; 
n; 
C=10.^C; 
meanR2(CONT)=median(R2); 
meann(CONT)=median(n); 
meanC(CONT)=median(C); 
end 
meanR2 
meann 
meanC 
 
 
 
 
 
 
